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"8), c.c -) ,&0!-)=) ,&'?+@+3 )% >
~k1 + ~k2 + ~k3 = ~0
A)* 34+"%$&'* !&+# -)* "0!-$%+()* A< B )% C ()* %#&$* #&+-)"+=< *&'% %#&$* 34+"%$&'* ()
B$'C5+#@DA"'("+ ,&0!-)=)* ,&+!-3)* () -" E&#0) >
∂A
∂t
= µA+ aB∗C∗ − b(|B|2 + |C|2)A− c|A|2A
∂B
∂t
= µB + aC∗A∗ − b(|C|2 + |A|2)B − c|B|2B
∂C
∂t
= µC + aA∗B∗ − b(|A|2 + |B|2)C − c|C|2C
&F -)* ,&)ﬃ,$)'%* !)+8)'% H%#) ,"-,+-3* 9 !"#%$# ()* 34+"%$&'* !&+# +' 0$-$)+ I)## "8),
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$'*%"5$-$%3 *),&'("$#) !)+% H%#) $'(+$%):
 !"!# $%&'()%*%'+ ,' &'-./'.-,& *0/(*%&+,& 01'%2.,&
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N,(/ )" )@,$'0&"4 (31/ ,++3(/ *,(/ 1( $&"C'"& 0"C$/4 *%)&'&" +"/ $&'()'$,+"/ $&3$&'%0%/ $@OF
/'21"/ *"/ )&'/0,1# +'21'*"/ 21' "(0&"(0 "( Q"1 *,(/ +!"#$%&'"()"A V31/ "#$+'21"&3(/ "(/1'0"
+" $&'()'$" *" E3()0'3(("C"(0 *" +, -,+-" . )&'/0,1# +'21'*"/ "0 )3CC"(0 "++" /!'(/?&" *,(/
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5%10& )#($%,+'/ *6#,2*0/%2' )& *6+'5*& )& 7+.(0*&8&'/ )&. 82*#(0*&. )& ($%./+0! *%10%)&.9
&' "$#.&'(& )60'& /&'.%2' &/ )60'& $#/$2+(/%2' 2"/%10&:  'ﬁ'9 '20. 82'/$&$2'. (288&'/
*6+'+*<.& )& ./+7%*%/# *%'#+%$& "&$8&/ )& "$#)%$& *6+""+$%/%2' )& ./$0(/0$&. ."+/%+*&. /$+'.=
,&$.&. .0$ *& >$2'/ )62')& )& *+ *08%?$&:
 !" #$%&'%()*+, ($-($%./., (01,%23+, 4+, '$%,/)35 *%23%4+,
 !"!" #$%$&'()*$+
@6#/+/ ($%./+* *%10%)& &./ 0' #/+/ %'/&$8#)%+%$& )& *+ 8+/%?$&9 10% &!%./& &' 5#'#$+* &'/$&
*6#/+/ ($%./+**%' &/ *6#/+/ *%10%)& %.2/$2"& "20$ 0'& (&$/+%'& "*+5& )& ,+*&0$. )60' "+$+8?/$&
)& (2'/$A*&9 *& "*0. .20,&'/ *+ /&8"#$+/0$&9 +,&( )&. /$+'.%/%2'. )& "B+.&. "20$ "+..&$
)60' #/+/ - *6+0/$& C4DE: @6#/+/ ($%./+* *%10%)& + #/# )#(20,&$/ .&0*&8&'/ - *+ ﬁ' )0 FD ?8&
.%?(*& )+'. *& (2'/&!/& )& *+ 7%2*25%& &/ )& *+ ($%./+**25$+"B%&9 &/ "2..?)& *+ "+$/%(0*+$%/# )&
"$#.&'/&$9 '2' "+. 0' 2$)$& )& "2.%/%2' (288& *6#/+/ ($%./+**%' 8+%. 0' 2$)$& )62$%&'/+/%2'9
(288& "$#.&'/# .0$ G%5:3:F: H* &!%./& )%ﬀ#$&'/. /<"&. )& "B+.&. ($%./+* *%10%)& J *&. "B+.&.
Cristal                Cristal liquide                          Liquide
 !"#$% 3:F K L& 5+0(B& - )$2%/& J .(B#8+. $&"$#.&'/+'/ *+ "B+.& ($%./+**%'&9 *+ "B+.&
($%./+* *%10%)& &/ *+ "B+.& *%10%)& %.2/$2"&
'#8+/%10&.9 *&. "B+.&. (B2*&./#$%10&. 10% (2$$&."2')&'/ - 0' (+. "+$/%(0*%&$ )60'& "B+.&
'#8+/%10& +,&( (B%$+*%/#9 &/ *&. "B+.&. .8&(/%10&.9 2$5+'%.#&. &' (20(B&.: L+'. *+ .0%/&9
'20. '& (2'.%)#$&$2'. 10& *+ "B+.& '#8+/%10& 10+') '20. >&$2'. $#>#$&'(& +0! ($%./+0!
*%10%)&.: M20$ (& /<"& )& "B+.&9 *+ .&0*& .<8#/$%& 7$%.#& &./ (&**& )62$%&'/+/%2'9 *& "+$+=
8?/$& )62$)$& #/+'/ 10+)$0"2*+%$&: @+ /&$8%'2*25%& '#8+/%10& ,%&'/ )&. *%5'&. )& )#>+0/.
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&' 52$6& )& ﬁ* 20 )#.%'(*%'+%.2'. 28.&$,#&. &' *06%9$& "2*+$%.#& &/ +..2(%#&. - )&. .%':0*+;
$%/#. )<2$%&'/+/%2' )& *<+!& 2"/%10&= >& 626&'/ 10+)$0"2*+%$& "&0/ ?/$& 0'%+!& 20 8%+!&=
>&. 62*#(0*&. )& ($%./+0! *%10%)&. .2'/ )&. 62*#(0*&. 2$:+'%10&.@ /$9. +**2':#&. )+'. 0'&
)%$&(/%2'@ 10% "&0,&'/ ?/$& .(A#6+/%.#&. .20. 52$6& )& 8B/2''&/.= C2'(&$'+'/ *&0$. )%;
6&'.%2'.@ &**&. .2'/ )& *<2$)$& )& D nm )+'. *+ )%$&(/%2' +**2':#& (2'/$& E=4 nm )+'. *+
)%$&(/%2' "&$"&')%(0*+%$&@ (& 10% *&0$ (2'59$& 0'& %6"2$/+'/& +'%.2/$2"%&@ 10& *<2' $&/$20,&
&' "+$/%(0*%&$ )+'. *&0$. "$2"$%#/#. 2"/%10&.=
 !"! #$%&'()*' +*,('
F'& )&. "$2"$%#/#. &..&'/%&**&. )&. ($%./+0! *%10%)&. &./ *&0$ (+"+(%/# - .<2$%&'/&$ )+'. 0'&
)%$&(/%2' )2''#& .20. *<+(/%2' )& )%ﬀ#$&'/. (20"*&.= H20. +**2'. ,2%$ 10<2' "&0/ *&0$ +.;
.2(%&$ 0'& #'&$:%& *%8$& 10% (26"$&') "*0.%&0$. (26"2.+'/&.=  ' *<+8.&'(& )& (2'/+%'/&.
&!/#$%&0$&.@ *&. 62*#(0*&. /&')&'/ - .<2$%&'/&$ "+$+**9*&6&'/ *&. 0'&. +0! +0/$&. &/ )+'. 0'&
)%$&(/%2' ﬁ!&@ (2$$&."2')+'/ - 0'& 6%'%6%.+/%2' )& *<#'#$:%& )0 .I./96&= C&//& )%$&(/%2'
62I&''& "&0/ ?/$& )#ﬁ'%& "+$ 0' ,&(/&0$ +""&*# )%$&(/&0$ '#6+/%10& &/ :#'#$+*&6&'/ '2/#
~n=  ' "$+/%10&@ *<#(A+'/%**2' )& ($%./+0! *%10%)&. &./ /20J20$. .206%. - )&. (2'/$+%'/&. "+$
*<+'($+:& )&. 62*#(0*&. %6"2.+'/ )&. (2')%/%2'. +0! *%6%/&. 20 )<+0/$&. &ﬀ&/. /&*. 10& *<+";
"*%(+/%2' )<0' (A+6" #*&(/$%10& 20 6+:'#/%10&= >&. 62*#(0*&. /&')&'/ +*2$. - .<2$%&'/&$
)+'. *+ )%$&(/%2' 62I&''& )0 (A+6" #*&(/$%10& +""*%10#=
K* &./ "2..%8*& )& (+*(0*&$ *<+(($2%..&6&'/ )<#'&$:%& *%8$& F )L - *+ )%./2$.%2' &' ,2*06& )0




+,&( f *<#'&$:%& *%8$& "+$ 0'%/# )& ,2*06&@ 10% /%&'/ (26"/& )&. )%ﬀ#$&'/&. (2'/$+%'/&.
&!/#$%&0$&.= N+'. *& (+. )<0' +'($+:& "*+'+%$&@ *& ﬁ*6 )& ($%./+* *%10%)& &./ (2'ﬁ'# &'/$& )&0!
"*+10&. &/ *&. 62*#(0*&. .2'/ +*2$. "+$+**9*&. +0! "+$2%.=  ' "$#.&'(& )<0' (A+6" #*&(/$%10&
+""*%10# )+'. *+ )%$&(/%2' "&$"&')%(0*+%$& +0! "+$2%.@ )&0! (20"*&. &'/$&'/ &' (26"#/%/%2'
"20$ 2$%&'/&$ *&. 62*#(0*&. M *& (20"*& #*+./%10& )<0'& "+$/ &/ *& (20"*& #*&(/$%10& )<+0/$&
"+$/= ><#'&$:%& *%8$& "+$ 0'%/# )& ,2*06& f "&0/ +*2$. .<#($%$& .20. *+ .266& )& )&0!
/&$6&. M
f = felastique + felectrique
O,+'/ )& )#/+%**&$ "*0. *&. &!"$&..%2'. )&. )&0! (2'/$%80/%2'.@ '20. +**2'. )2''&$ )& "*0.
+6"*&. )#/+%*. .0$ *&. "$2"$%#/#. #*+./%10&. &/ )%#*&(/$%10&. )&. ($%./+0! *%10%)&.=
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5'& &!"#$%&'(& .%6"*& "&$6&/ )& 62'/$&$ 1070' ﬁ*6 )& ($%./+* *%10%)& "&0/ /$+'.6&//$& 0'
(20"*& &' $+%.2' )& .&. "$2"$%#/#. #*+./%10&. 9 (7&./ *7&!"#$%&'(& )& :$0"" 2; 0'& (20(<& )&
'#6+/%10& &./ "*+(#& &'/$& )&0! )%.10&.= 0' ﬁ!& &/ *7+0/$& 62>%*& $&*%# - 0'& ﬁ>$& )& 10+$/?
ﬁ!#& .0$ 0' +0/$& )%.10& )2'/ 2' "&0/ 6&.0$&$ *+ $2/+/%2' @ABCD E&//& &!"#$%&'(& "&$6&/
)7#,+*0&$ *+ (2'./+'/& )& /2$.%2' )70' '#6+/%10&D  ' )&<2$. )& *+ /2$.%2'= %* &!%./& )&0!
+0/$&. /F"&. )& )#G2$6+/%2' 9 &' #,&'/+%* 20 &' ﬂ&!%2'D I&. /$2%. /F"&. )& )#G2$6+/%2' .2'/
%**0./$#. "+$ J%KD3D3D I+ (2'/$%>0/%2' #*+./%10& - *7#'#$K%& *%>$& &./ +""&*#& #'&$K%& *%>$& )&






K2(~n.~∇∧ ~n)2 + 1
2
K3(~n ∧ ~∇∧ ~n)2
+,&( K1= K2 &/ K3 *&. (2'./+'/&. #*+./%10&. +..2(%#&. $&."&(/%,&6&'/ +0! )#G2$6+/%2'. &'
#,&'/+%*= &' /2$.%2' &/ &' ﬂ&!%2'D
éventail            torsion             flexion
 !"#$% 3D3 O P(<#6+. %**0./$+'/ *&. /$2%. /F"&. )& )#G2$6+/%2'. #*+./%10&. $&'(2'/$#&. )+'.
*&. ($%./+0! *%10%)&.D
 !"#!$%&%' -$%(,.&!$*+,'
5'& +0/$& "$2"$%#/# %6"2$/+'/& )&. ($%./+0! *%10%)&.= (20$+66&'/ 0/%*%.#& )+'. *&. )%."2.%M
/%G. )7+ﬃ(<+K& - "+$/%$ )&.10&*. %*. .2'/ G+>$%10#.= &./ *+ (+"+(%/# )&. 62*#(0*&. - .72$%&'/&$
)+'. *+ )%$&(/%2' 62F&''& )70' (<+6" #*&(/$%10&D  ' (2'.%)#$+'/ *+ $#"+$/%/%2' )&. (<+$K&.
#*&(/$%10&.= 2' (2'./+/& 10& *+ "<+.& '#6+/%10& "&0/ R/$& "2*+$%.#& .20. *7&ﬀ&/ )70'& )%./2$M
.%2' 6+%. &' "$+/%10& *+ G+T2' *+ "*0. (*+..%10& )& *+ "2*+$%.&$ &./ )7+""*%10&$ 0'& )%ﬀ#$&'(&
)& "2/&'/%&*D E&*+ "&0/ R/$& $#+*%.# &' "*+T+'/ *& ﬁ*6 '#6+/%10& &'/$& *&. #*&(/$2)&. )70'
(2')&'.+/&0$D P% 2' +""&**&
~E *& (<+6" #*&(/$%10& - *7%'/#$%&0$ )0 (2')&'.+/&0$= (&*0%M(% ,+
+K%$ .0$ *& 6%*%&0 &' 2$%&'/+'/ *&. )%"U*&. "&$6+'&'/. )+'. .+ "$2"$& )%$&(/%2' &/ %')0%$& 0'&
"2*+$%.+/%2' )&. 62*#(0*&.
~P "$2"2$/%2''&**& - ~E (266& ~P = κǫ0 ~E +,&( κ *+ .0.(&"/%>%*%/#
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2< ǫa = ǫ‖−ǫ⊥ $&"$#.&'/& *9+'%.2/$2"%& )%#*&(/$%10& )&. ($%./+0! *%10%)&.= ǫ‖ >$&."&(/%,&5&'/
ǫ⊥? #/+'/ *+ (2'./+'/& )%#*&(/$%10& )+'. *+ )%$&(/%2' "+$+**@*& +0 )%$&(/&0$ ~n >$&."&(/%,&5&'/
"&$"&')%(0*+%$&?6
 !"!# $%&'%()*)+ &'*(,-.+ .* /(%)0%(12.13.
79%5"2$/+'/& +'%.2/$2"%& )& A2$5& )&. ($%./+0! *%10%)&. &' A+%/ 0' 5%*%&0 A2$/&5&'/ 8%$#A$%'B
:&'/6 C&//& "$2"$%#/# "&0/ D/$& 5%.& &' #,%)&'(& "+$ *9&!"#$%&'(& )0 8%B"$%.5& '#5+/%10&6
C&//& &!"#$%&'(& (2'.%./& - &',2E&$ 0' A+%.(&+0 )& *05%@$& )#"2*+$%.#& )+'. 0'& (0,& &'
A2$5& )& (2%' $&5"*% )90' ($%./+* *%10%)& '#5+/%10& )+'. 0' +'($+:& "+$+**@*& - *9+$D/& )0
"$%.5& >F%:6 36G+?6 H' $#(0"@$& - *+ .2$/%&= )&0! A+%.(&+0! $#A$+(/#. &/ "2*+$%.#. *%'#+%$&B
5&'/= *90' )+'. *+ )%$&(/%2' "&$"&')%(0*+%$& +0 "*+' )& $#A$+(/%2'= *9+0/$& )+'. *+ )%$&(/%2'
"+$+**@*& - (& "*+'6 I% 2' '2/& A *9+':*& )0 "$%.5&= 2' /$20,& "20$ *&. +':*&. )& )#,%+B
/%2' )&. A+%.(&+0! δo &/ δe )&. ,+*&0$. )%ﬀ#$&'/&. &/ %'A#$%&0$&. - A6 K "+$/%$ )&. )2''#&.








2< no &./ *9%')%(& 2$)%'+%$& &/ ne *9%')%(& &!/$+2$)%'+%$&6 C&//& &!"#$%&'(& %**0./$& *+ 8%$#A$%'B
:&'(& )&. ($%./+0! *%10%)&. '#5+/%10&. &/ 0'%+!&.6 C&//& "$2"$%#/# A+%/ 1090' A+%.(&+0 10%
/$+,&$.& *&. ($%./+0! *%10%)&. '& $&'(2'/$&$+ "+. *& 5D5& %')%(& .% .+ "2*+$%.+/%2' &./ )+'.
*+ )%$&(/%2' )&. 52*#(0*&. ~n >%')%(& &!/$+2$)%'+%$& ne? 20 )+'. *+ )%$&(/%2' "&$"&')%(0*+%$&
>%')%(& 2$)%'+%$& no?6  ' :#'#$+*= .9%* E + 0' +':*& γ &'/$& *+ )%$&(/%2' )& *+ "2*+$%.+/%2' &/
*& )%$&(/&0$ ~n )&. 52*#(0*&. >F%:636G8?= *+ *05%@$& ,&$$+ 0' %')%(& )& $#A$+(/%2' 10% )#"&')




2 γ + n2e sin
2 γ
,
+,&( )+'. *& (+. 2< γ = 0= n = ne &/ )+'. *& (+. 2< γ = 90
◦
= n = no6 7+ 8%$#A$%':&'(& %')0%/
)2'( 0'& )%ﬀ#$&'(& )& "L+.& &'/$& *+ (25"2.+'/& )& *+ *05%@$& "2*+$%.#& "+$+**@*&5&'/ +0
)%$&(/&0$ ~n &/ (&**& "2*+$%.#& "&$"&')%(0*+%$&5&'/6
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)#,%+/%2' )&. A+%.(&+0! 2$)%'+%$& &/ &!/$+2$)%'+%$& B =8 &**%".2C)& )&. %')%(&. +,&( no *<%')%(&
2$)%'+%$&? ne *<%')%(& &!/$+2$)%'+%$&5
 ! "# $#%$& ' ()*+,#-. %*/-*0&+
D+ ,+*,& 2"/%10& - ($%./+0! *%10%)&. &./ 0' )%."2.%/%A 10% +..2(%& )&. ($%./+0! *%10%)&. '#>
;+/%10&. +,&( 0' ;+/#$%+0 ":2/2(2')0(/&0$5 E' .(:#;+ &' &./ )2''# "+$ F%@535G+ &/ *&
(%$(0%/ #*&(/$%10& 10% *0% &./ #10%,+*&'/ &./ "$#.&'/# - *+ F%@535G=5 D+ ,+*,& 2"/%10& &./
(2'./%/0#& "+$ 0' ﬁ*; )& ($%./+0! *%10%)&. '#;+/%10&.? )<#"+%..&0$ dIJK µm? %'/&$"2.#
&'/$& 0'& *+;& )& ,&$$& /$+'."+$&'/ &/ 0'& *+;& ":2/2(2')0(/$%(& &' L$.&'0$& )& M+**%0;
NM+L.8 .0$ *+10&**& &./ )#"2.# 0' ;%$2%$ )%#*&(/$%10&5 D+ "+$2% &!/&$'& )0 ":2/2(2')0(>
/&0$ &/ (&**& %'/&$'& )& *+ *+;& )& ,&$$& .2'/ $&(20,&$/&. )<0'& (20(:& )<2!O)& (2')0(/&0$
/$+'."+$&'/ NPQR (2;;& P')%0; Q%' R!%)& &' +'@*+%.85 E'& )%ﬀ#$&'(& )& "2/&'/%&* "&0/
T/$& +%'.% %;"2.#& +0! =2$'&. )& *+ ,+*,& - ($%./+0! *%10%)&.? 10% &./ %'.#$#& )+'. 0'& =20(*&
)& $#/$2+(/%2' 2"/%10&5
 ! "#$! %! $& '!()*+(
D+ /&'.%2' V0 +""*%10#& &./ +*/&$'+/%,& )& A$#10&'(& )& *<2$)$& )& 10&*10&. kHz N(2'/$&
JU>JUU Hz "20$ *+ A$#10&'(& )& $#"2'.& )&. ($%./+0! *%10%)&.85 D<0/%*%.+/%2' )<0'& /&'.%2'
+*/&$'+/%,& ,%.& - #,%/&$ 0'& +((0;0*+/%2' )& (:+$@&. &/ *& )#,&*2""&;&'/ )<%'./+=%*%/#.
#*&(/$2(2',&(/%,&. 10% "&0,&'/ .& )#,&*2""&$ )+'. *&. ($%./+0! *%10%)&. VGWX5 E' /$+%/&;&'/
."#(%+* )&. "+$2%. %'/&$'&. "&$;&/ )<%;"2.&$ 0' +'($+@& "*+'+%$& )&. ($%./+0! *%10%)&. N)%>
$&(/&0$ ~n "+$+**Y*& +0! "+$2%.85 D+ /&'.%2' V0 %')0%/ 0' (:+;" #*&(/$%10& )+'. *+ )%$&(/%2'
)010&* *&. ;2*#(0*&. /&')&'/ - .<+*%@'&$? &' A+%.+'/ 0' +'@*& ;2O&' '2/# θ +,&( *+ ,&$/%(+*&?
(2;;& )#ﬁ'% .0$ F%@535K+5 D<#,2*0/%2' )& *<2$%&'/+/%2' ;2O&''& θ )&. ;2*#(0*&. &' A2'(/%2'
)& *+ /&'.%2' V0 &./ )2''#& "+$ F%@5 35K=? )+'. *& (+. 2Z *+ ,+*,& 2"/%10& '<&./ "+. #(*+%$#&5
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=&. :2*#(0*&. )& ($%./+0! *%10%)&. .2'/ $&"$#.&'/#&. "+$ )&. &**%".&. 2$+'>&. ; ?8 .(9#:+
#*#(/$%10& #10%,+*&'/ - *+ ,+*,& 2"/%10& +,&( $&."&(/%,&:&'/ CPC &/ RPC *+ (+"+(%/+'(& &/
*+ $#.%./+'(& )0 "92/2(2')0(/&0$@ ZCL *<%:"#)+'(& )&. ($%./+0! *%10%)&. &/ V0 *+ /&'.%2'
+""*%10#&5














a                    b
 !"#$% 35A 7 +8 )#ﬁ'%/%2' )& *<+'>*& )& ?+.(0*&:&'/ θ 10& C+%/ *& )%$&(/&0$ ~n )&. :2*#(0*&.
+,&( *+ )%$&(/%2' ,&$/%(+*&@ &' "$#.&'(& )<0' (9+:" #*&(/$%10&
~E "2*+$%.# 92$%D2'/+*&:&'/
&/ ?8 #,2*0/%2' )& *<+'>*& θ &' C2'(/%2' )& *+ /&'.%2' V0 +""*%10#& +0! ($%./+0! *%10%)&. ;
VFT &./ *+ /&'.%2' )& E$#&)&$%(FD@ /&'.%2' .&0%* - "+$/%$ )& *+10&**& + *%&0 *+ $#2$%&'/+/%2'
)&. :2*#(0*&.5
(&$/+%'& ,+*&0$ .&0%* +""&*#& /&'.%2' )& E$#&)&$%(FD@ '2/#& VFT 5
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 ' *5+6.&'(& )& *07%8$&9 *+ /&'.%2' &ﬀ&(/%,& +0! 62$'&. )& *+ ,+*,& )#"&') )& *+ /&'.%2'
+""*%10#& V0 (277& ;
VCL = ΓV0, <=>?@






$% ZPC &'( )*+,-./012& /3 -4$($2$1/32(&35 &( ZCL 2&))& /&' 25+'(036 )+73+/&'  8+9" !":;#"
 ! "#$"%!&$'%( %)$'*+, - &%+).!/, ,($", (%( .'(#!"'$# ,$ 0'ﬀ"!&$'%(
<0 '+(30(+$1 &'( /+ﬀ.5&1(& 7301/ )&' 25+'(036 )+73+/&' '$1( (50>&5'.' -05 31 ?0+'2&03 /&
)3,+@5&A )0 1$1B)+1.05+(. /3 ,+)+&3 0''3501( )0 2$1>&5'+$1 /& ,$/3)0(+$1 /*+1(&1'+(. &1
,$/3)0(+$1 /& -40'&" C )*+1(.5+&35 /& )0 >0)>& $-(+73&A )0 )3,+@5& &'( 5.ﬂ.24+& -05 )& ,+5$+5
/+.)&2(5+73&" E))& >$F09& 0)$5' /01' )0 ;$32)& /& 5.(5$02(+$1 $% &))& '3;+( )&' &ﬀ&(' /& )0
/+ﬀ502(+$1A 2$1>&5(+''01( ,$/3)0(+$1' /& -40'& &1 ,$/3)0(+$1' /*+1(&1'+(.A -$35 055+>&5
&1'3+(& '35 )& -4$($2$1/32(&35" G&)3+B2+ 09+( 2$,,& 31& +,-./012& >05+0;)& &1 ?$12(+$1
/& )*+1(&1'+(. )3,+1&3'& Iw 73*+) 5&H$+(" I35 8+9"!"J &'( -5.'&1(. )& /.-40'09& φ /& )0 )3,+@5&
&1 ?$12(+$1 /& )*+1(&1'+(. IwA K (&1'+$1 V0 ﬁ6.& K M!"N V " I35 )0 -5&,+@5& -05(+& /& )0 2$35;&A
)0 -40'& φ &'( -5$-$5(+$11&))& K )*+1(&1'+(. IwA 2$,,& 0((&1/3 -$35 31 ,+)+&3 .73+>0)&1(
K 31 ,+)+&3 O&55" P01' )0 '&2$1/& -05(+& /& )0 2$35;&A +) F 0 '0(350(+$1 /& )0 5.-$1'&A
2$55&'-$1/01( 03 20' θ = π/2A -$35 )&73&) ($3(&' )&' ,$).23)&' '$1( 0)+91.&' /01' )0
/+5&2(+$1 /3 240,- .)&2(5+73&"
G$,-05. 03 20' '01' +))3,+10(+$1 /$11. -05 )0 ?$5,3)& !"MA )0 (&1'+$1 &ﬀ&2(+>& VCL 036
;$51&' /&' 25+'(036 )+73+/&'A '& 20)23)& &1 ?$12(+$1 /& ΓA V0 &( )*+1(&1'+(. Iw 2$,,& Q
VCL = ΓV0 + αIw,  !"R#
0>&2 α > 0A )& 2$&ﬃ2+&1( /& 5.-$1'& /3 -4$($2$1/32(&35 /01' )*0--5$6+,0(+$1 )+1.0+5&" <0
5.(5$02(+$1 $-(+73& 50T$3(& /$12 31 (&5,& K )0 (&1'+$1A -5$-$5(+$11&) K Iw" C3 5&905/ /&
)0 ?$5,3)& !"! /& )0 ?$12(+$1 /& (501'?&5( &( /& )0 ?$5,3)& !"R -$35 )0 (&1'+$1A $1 2$,-5&1/
73*31 24019&,&1( /*+,-./012& /3 -4$($2$1/32(&35A >0 24019&5 )0 (&1'+$1 &ﬀ&2(+>& 036
;$51&' /& )0 >0)>& $-(+73&" I+ )0 (&1'+$1 &ﬀ&2(+>& 24019&A 31& 1$3>&))& $5+&1(0(+$1 ,$F&11&
/&' ,$).23)&' >0 U(5& +1/3+(&" <0 )3,+@5& >&550 /*03(5&' +1/+2&' /& 5.?502(+$1 2& 73+ >0
,$/+ﬁ&5 '0 -40'&A )& ,.201+',& '& 5.-.(01( K 24073& ($35 /01' )0 ;$32)& /& 5.(5$02(+$1"
V1 2$3-)09& &1(5& )*$5+&1(0(+$1 /&' ,$).23)&' /& 25+'(036 )+73+/&' &( )*+1(&1'+(. )3,+1&3'&
&'( /$12 5.0)+'. -05 )*+1(&5,./+0+5& /& )0 5.(5$02(+$1 $-(+73& "
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 !"#$% 567 8 9#":+.+;& φ )& *+ *0<%=$& &' >2'(/%2' )& *?%'/&'.%/# )?#($%/0$& Iw .0$ *&
":2/2(2')0(/&0$@ "20$ V0 = 12.8 V 6
 !" #$%&'%$($) *+&,-$.*/(01 2'.&1*(
A+ ,+*,& - ($%./+0! *%10%)&. &./ %'.#$#& )+'. 0'& B20(*& )& $#/$2+(/%2' 2"/%10& 10% .&$+
)#($%/& "*0. &' )#/+%* "+$ *+ .0%/&6 C,+'/ )?+$$%,&$ D0.10?- *+ ,+*,&@ *& >+%.(&+0 *+.&$ &./
"$#"+$# &' "+..+'/ "+$ )%ﬀ#$&'/. #*#<&'/. 2"/%10&.6 F20$ "*0. )& (*+$/#@ *&. "+$/%&. )0
<2'/+;& .&$,+'/ - *+ "$#"+$+/%2' )0 >+%.(&+0 &/ (&**& %'(*0+'/ *+ B20(*& )& $#/$2+(/%2'
.&$2'/ "$#.&'/#&. .#"+$#<&'/6
 !"#$!$%&'( )* +$&,-.$*
C,+'/ )?G/$& &',2H# )+'. *+ ,+*,&@ *& >+%.(&+0 *0<%'&0!@ %..0 )?0' *+.&$ I&*%0<JK#2'@ )&
*2';0&0$ )?2')& 7356L nm@ &./ #*+$;% - *?+%)& )?0' 2BD&(/%> )& <%($2.(2"& &/ (2**%<+/# "+$
*+ *&'/%**& L1 )& >2(+*& f = 25 cm MN%;656OP6 A?%'/&'.%/# %'(%)&'/& Iin "&0/ G/$& +D0./#&
&' D20+'/ .0$ *+ "2*+$%.+/%2' - *?+%)& )?0'& *+<&
λ
2
6 9& "*0.@ 0' "$2ﬁ* )?%'/&'.%/# )2''#
"&0/ G/$& %<"2.#@ &' 0/%*%.+'/ 0' <2)0*+/&0$ ."+/%+* )& *0<%=$& MRAS "20$ R"+/%+* A%;:/
S2)0*+/2$ &' +';*+%.P@ "*+(# )+'. *& "*+' (2'>2(+* +0! )&0! *&'/%**&. %)&'/%10&. L1 &/
L26 9& (&//& >+T2'@ *& "*+' )+'. *&10&* .& /$20,& *?#($+' )0 RAS &./ 0' "*+' (2'D0;0#
- (&*0% )0 ":2/2(2')0(/&0$6 U' "&0/ +%'.% >2$(&$ ."+/%+*&<&'/ *& "$2ﬁ* )?%'/&'.%/# .0$ *&
":2/2(2')0(/&0$ &/ %'.($%$& 0' "$2ﬁ* )?%')%(& )+'. *&. ($%./+0! *%10%)&.6
/'(ﬁ1*!$%&'(, ). 2$ 3'*-2. ). !"%!'$-%&'(
A+ B20(*& )& $#/$2+(/%2' &./ $&"$#.&'/#& &' ,&$/ .0$ N%;656L6  **& (2<"2$/& 0' (0B& "2*+J
$%.&0$ '2/# CP &/ )&0! *&'/%**&. L3 &/ L4 )& >2(+*& f = 25 cm@ %)&'/%10&. +0! *&'/%**&. L1
&/ L26 CP .#*&(/%2''& 0'& "2*+$%.+/%2' )& *+ *0<%=$& %'(%)&'/& Iin ,&$/%(+*&@ *+ )%$&(/%2'
%'%/%+*& )0 )%$&(/&0$ '#<+/%10& ~n &./ - 45◦6 A+ B20(*& )& $#/$2+(/%2' &./ >&$<#& "+$ 0' >+%.J
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      laser 
    =632.8 nm
  /2
Iin
    OBJ L2L1     SLM
2f f
valve
 !"#$% 456 7 8+$/%& )0 )%."2.%/%9 .&$,+'/ - "$#"+$&$ *& 9+%.(&+0 2"/%10& +,+'/ )& *:&',2;&$
)+'. *+ ,+*,& - ($%./+0! *%10%)&. %'.#$#& )+'. *+ <20(*& )& $#/$2+(/%2' 2"/%10&5 OBJ &./ 0'
2<=&(/%9 )& >%($2.(2"&? SLM 0' >2)0*+/&0$ ."+/%+* )& *0>%@$&? L1 &/ L2 )&0! *&'/%**&. )&
>A>& 92(+*& f = 25 cm &/ λ
2
0'& *+>& )&>%B2')&5 Iin $&"$#.&'/& *:%'/&'.%/# %'(%)&'/& .0$
*+ ,+*,& 2"/%10&5
      laser 






















 !"#$% 45C 7 D%."2.%/%9 )& *+ ,+*,& - ($%./+0! *%10%)&. +,&( $#/$2+(/%2' 2"/%10&5 E&. )%ﬀ#B
$&'/. #*#>&'/. 2"/%10&. .2'/ *&. .0%,+'/. G CP &./ 0' (0<& "2*+$%.&0$? L3? L4? L5 .2'/ )&.
*&'/%**&. )& >A>& 92(+*& f = 25 cm5 V0 &./ *+ /&'.%2' +""*%10#& +0! <2$'&. )& *+ ,+*,& &/
Iw *:%'/&'.%/# ):#($%/0$& .0$ *& "H2/2(2')0(/&0$5
(&+0 )& ﬁ<$&. 2"/%10&. )& $#.2*0/%2' JK µm? $&"$#.&'/# &' L$%. .0$ M%L545C5 N& 9+%.(&+0 )&
ﬁ<$&. "&$>&/ ):+>&'&$ *& 9+%.(&+0 2"/%10& .+'. +0(0'& )%./2$.%2' .0$ *& "H2/2(2')0(/&0$5
E+ *0>%@$& "+..& )2'( "+$ CP ? "0%. L3? &**& /$+,&$.& *+ ,+*,& 2O &**& &./ $#ﬂ#(H%& &/ ,2;+L&
)+'. *+ <20(*& )& $#/$2+(/%2'? &' "+..+'/ "+$ L3? CP ? L4 "0%. "+$ *& 9+%.(&+0 )& ﬁ<$&.?
"20$ &'ﬁ' +$$%,&$ .0$ *& "H2/2(2')0(/&0$5
E& (0<& "2*+$%.&0$ CP "&$>&/ ):%'/$2)0%$& )&. %'/&$9#$&'(&. )& "2*+$%.+/%2'? $&."2'.+<*&.
)& *+ <%./+<%*%/# &'/$& )%ﬀ#$&'/. #/+/. ):2$%&'/+/%2' )&. >2*#(0*&. )& ($%./+0! *%10%)&.5
M%L545Q+ >2'/$& *&. &ﬀ&/. )& (& (0<& .0$ *+ "2*+$%.+/%2' %'(%)&'/& &/ (&**& )+'. *+ <20(*&
)& $#/$2+(/%2'5 M%L545Q< )#ﬁ'%/? )+'. *+ <+.& (~n, ~n⊥) $&*%#& - *:2$%&'/+/%2' )&. >2*#(0*&. )&














 !"#$% 456 7 +8 .(9#:+ )0 (0;& "2*+$%.&0$ %'.#$# )+'. *+ ;20(*& )& $#/$2+(/%2' &/ ;8
"2*+$%.+/%2' )0 (9+:" #*&(/$%10& )+'. *+ ;+.& (~n, ~n⊥)< +,&( ~n *+ )%$&(/%2' )0 )%$&(/&0$
'#:+/%10& &/ ~n⊥< *+ )%$&(/%2' 10% *0% &./ "&$"&')%(0*+%$&< ~Ein *+ "2*+$%.+/%2' )0 (9+:"
#*&(/$%10& %'(%)&'/ &/
~Efb *+ "2*+$%.+/%2' )0 (9+:" #*&(/$%10& )+'. *+ ;20(*& )& $#/$2+(/%2'
2"/%10&5
($%./+0! *%10%)&.< *&. )&0! "2*+$%.+/%2'.
~Ein "20$ *& (9+:" #*&(/$%10& %'(%)&'/ &/ ~Efb "20$
*& (9+:" #*&(/$%10& )+'. *+ ;20(*& )& $#/$2+(/%2'5
=2$.10& *& "*+' )0 "92/2(2')0(/&0$ (2>'(%)& +,&( *& "*+' ?2(+* )& *+ *&'/%**& L3 &/ *2$.10& *&.
*&'/%**&. L3 &/ L4 .2'/ )%./+'/&. )& 2f < +*2$. 0' "*+' #10%,+*&'/ - (&*0% )0 "92/2(2')0(/&0$
&./ %:+@# - 0'& )%./+'(& f )& L45 A% 2' )#"*+(& *B&!/$#:%/# *%;$& )0 ?+%.(&+0 )& ﬁ;$&. )B0'&
)%./+'(& L< 2' "&0/ %'/$2)0%$& )& *+ )%ﬀ$+(/%2' .0$ (&//& *2'@0&0$ L< +""&*#& *2'@0&0$ )&
"$2"+@+/%2' *%;$&5  ' @#'#$+* *+ )%./+'(& L "&0/ E/$& "2.%/%,& 20 '#@+/%,& &/ &**& .& (+*(0*&
(2::& *B#(+$/ "+$ $+""2$/ - *+ (2'ﬁ@0$+/%2' +0/2F%:+@&+'/& "20$ *+10&**& *+ ;20(*& )&
$#/$2+(/%2' + 0'& *2'@0&0$ )& 4f 5 =2$.10& L &./ '#@+/%,& &/ "20$ 0' $#@%:& )& "+$+:G/$&.
V0 &/ Iin +)#10+/< )&. :2/%?. 9&!+@2'+0! +,&( 0'& /+%**& (+$+(/#$%./%10& "$2"2$/%2''&**&√
2λ|L| "&0,&'/ E/$& 2;.&$,#.5 H20. +**2'. ,2%$ 10& *&0$ &!%./&'(& "&0/ E/$& "$#)%/& "+$
0'& +'+*I.& )& ./+;%*%/# *%'#+%$&5 J&. ./$0(/0$&. *2(+*%.#&. "&0,&'/ +0..% +""+$+K/$& )+'. *&
(+. 2L L &./ '#@+/%,&5 M+$ (2'/$&< )+'. *+ (2'ﬁ@0$+/%2' 4f .+'. )%ﬀ$+(/%2'< .&0*. )&. #/+/.
92:2@G'&. &/ )&. ?$2'/. *&. (2''&(/+'/ "&0,&'/ .& )#,&*2""&$ )+'. *& "*+' /$+'.,&$.&5
 'ﬁ'< 0' +0/$& +."&(/ %'/#$&..+'/ )& *B&!"#$%&'(& )& *+ ,+*,& 2"/%10& &./ *+ "2..%;%*%/#
)B%'/$2)0%$& )&. &ﬀ&/. '2' *2(+0! )+'. *+ ;20(*& )& $#/$2+(/%2'5 N&*+ "&0/ E/$& $#+*%.#
&' /$+'.*+/+'/ *+/#$+*&:&'/ *& ?+%.(&+0 )& ﬁ;$&. 20 "+$ $2/+/%2' )B0' (&$/+%' +'@*&5 =&.
)#"*+(&:&'/. *+/#$+0! 20 +'@0*+%$&. "&0,&'/ E/$& :&.0$#. "+$ $+""2$/ - 0'& "2.%/%2' )&
$#?#$&'(&< "+$ *&(/0$& .0$ )&. $&"G$&. @$+)0#.5 =&. &ﬀ&/. '2' *2(+0! (20"*&'/ &'/$& &**&.
)&. $#@%2'. ."+/%+*&. )%ﬀ#$&'/&. (2::& '20. *& ,&$$2'. +0! (9+"%/$&. O &/ P< +,&( )&.
(2:"2$/&:&'/. )I'+:%10&. $%(9&. &/ "+$?2%. (2:"*&!&.5
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 !"#$%& '()*+,-"-#-./
5+'. *& 62'/+7&8 0' )&0!%96& (0:& .#"+$+/&0$ '2/# CS .0$ ;%7<=<>8 "&$6&/ )& )#,%&$ )& *+
:20(*& )& $#/$2+(/%2' 0'& "&/%/& "2$/%2' )0 ?+%.(&+0 &' )%$&(/%2' )@0' #($+' &/ )& *@0/%*%.&$
"20$ ?+%$& )&. +(10%.%/%2'.< A'& (+6#$+ BB5 CBD+$7&) B20"*&) 5&,%(& &' +'7*+%.E "&$6&/
)& ﬁ*6&$ *+ "$2G&(/%2' )0 ?+%.(&+0 .0$ *@#($+' &/ )& ?+%$& )&. "$2ﬁ*. 20 )&. ﬁ*6. "20$ #/0)%&$
*+ )H'+6%10& )&. ./$0(/0$&.< I* &./ +0..% "2..%:*& )@%6+7&$ *& ?+%.(&+0 )%$&(/&6&'/ .0$ *+
(&**0*& )& *+ (+6#$+8 .+'. 0/%*%.&$ )@#($+'< J+ *&'/%**& L5 )& 6K6& ?2(+*& f 10& *&. +0/$&.
*&'/%**&.8 &./ "*+(#& .0$ *& /$+G&/ )0 ?+%.(&+0 )& /&**& ?+L2' 10& *& (0:& CS .2%/ #10%)%./+'/
)& L4 &/ )& L5< M20$ %6+7&$ .0$ *@#($+' 20 .0$ *+ (&**0*& )& *+ (+6#$+ .&*2' *&. (+.8 0'
"*+' #10%,+*&'/ - (&*0% )0 "D2/2(2')0(/&0$8 %* ?+0/ 10& *& ?+%.(&+0 0/%*%.# "20$ *&. 6&.0$&.
"+$(20$& *& 6K6& /$+G&/ 2"/%10& 10& *& ?+%.(&+0 - *@%'/#$%&0$ )& *+ :20(*& )& $#/$2+(/%2'<
B&(% &./ $#+*%.# "20$ d1 = d2 C;%7<=<>E< J+ (+6#$+ &./ $&*%#& - 0' #($+' )& /#*#,%.%2' &/
- 0' 2$)%'+/&0$ .&$,+'/ +0! +(10%.%/%2'.< J&. %6+7&. .2'/ &'.0%/& /$+%/#&. +,&( *& *27%(%&*
I6+7&N<
 !" #$%&'( )*+$,-./(
A' 62)9*& /D#2$%10& + #/# )#,&*2""# "20$ )#($%$& *@#,2*0/%2' )& *@2$%&'/+/%2' )&. 62*#(0*&.
)& ($%./+0! *%10%)&.8 &' "$#.&'(& )@0'& /&'.%2' #*&(/$%10& +0! :2$'&. )& *+ ,+*,& &/ )@0'&
$#/$2+(/%2' 2"/%10& OPQR< J@2$%&'/+/%2' )&. 62*#(0*&.8 '2/#& θ8 H &./ )#ﬁ'%& (266& *+ ,+*&0$
62H&''& )& *@+'7*& )& :+.(0*&6&'/ )&. 62*#(0*&. "+$ $+""2$/ - *+ ,&$/%(+*&8 (+*(0*#& .0$
*@#"+%..&0$ )& *+ (20(D& '#6+/%10&< J& 62)9*& (26"$&') )&0! #10+/%2'. (20"*#&. S *+
"$&6%9$& #10+/%2' "20$ *@2$%&'/+/%2' θ )&. 62*#(0*&. )0 ($%./+* *%10%)&8 *+ .&(2')& #10+/%2'
"20$ *@#,2*0/%2' )0 (D+6" 2"/%10&
~Efb )+'. *+ :20(*& )& $#/$2+(/%2'< J@#10+/%2' )@#,2*0/%2'




= −(θ − θ0) + l2∇2⊥θ, C=<4E
+,&( l = 40 µm *+ *2'70&0$ )& (2D#$&'(& #*&(/$%10& &/ τ = 30 ms *& /&6". )& $#"2'.& )&.
($%./+0! *%10%)&.< J& "$&6%&$ /&$6& )0 6&6:$& )& )$2%/& )#($%/ *@&ﬀ&/ )& *+ ?2$(& )& $+""&*
#*+./%10& .@&!&$L+'/ .0$ *&. 62*#(0*&.< J& )&0!%96& /&$6& θ0 &./ *@+'7*& 62H&' )@2$%&'/+/%2'
&' "$#.&'(& )@0' (D+6" #*&(/$%10&< J& /$2%.%96& /&$6& &./ 0' /&$6& )& (20"*+7& )%ﬀ0.%?
)U +0! ?2$(&. )& $+""&* #*+./%10& &'/$& *&. 62*#(0*&.< M+$ +G0./&6&'/ +,&( *&. )2''#&.
&!"#$%6&'/+*&.8 0'& &!"$&..%2' )& *+ .2*0/%2' ./+/%2''+%$& D26279'& θ0 )#"&')+'/ - *+ ?2%.
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+,&( VFT *+ /&'.%2' )& /$+'.%/%2' )& 5$#&)&$%(6.78 V0 *+ /&'.%2' +""*%10#&8 Γ *+ 92'(/%2' )&
/$+'.9&$/ )0 (%$(0%/ #*&(/$%10& #10%,+*&'/ - *+ ,+*,& 2"/%10& &/ α *& (2&ﬃ(%&'/ )& $#"2'.&
*%'#+%$& )0 ";2/2(2')0(/&0$< =+ .2*0/%2' ./+/%2''+%$& ;2>2?@'& θ0 &./ $&"$#.&'/#& .0$
5%?<A<BC &' 92'(/%2' )&. )&0! "+$+>@/$&. )& (2'/$D*& )& *E&!"#$%&'(&8 *E%'/&'.%/# Iin &/ *+
/&'.%2' V0< =E%'/&'.%/# Iw .0$ *& ";2/2(2')0(/&0$ &./ $&*%#& - *E%'/&'.%/# %'(%)&'/& Iin "+$
*E#10+/%2' A<F 10% .&$+ #/+G*%& +0 "+$+?$+";& .0%,+'/< H' $&>+$10& *E&!%./&'(& )& "*0.%&0$.
G$+'(;&. ./+G*&.8 *&. "2%'/. 2$+'?&. %')%10+'/ "20$ (;+10& G$+'(;& *&. "2%'/. )& '+%..+'(&
























points de naissance de la bistabilité
différentes branches 
      de stabilité
 !"#$% A<BC J I2*0/%2' ./+/%2''+%$& ;2>2?@'& θ0 &' 92'(/%2' )& *+ /&'.%2' V0 &/ *E%'/&'.%/#
Iin Kﬁ?0$& &!/$+%M& &/ >2)%ﬁ#& - "+$/%$ )& *+ $#9#$&'(& N4CO<
"&0/ .E#($%$& .20. *+ 92$>& φ = β cos2 θ 2P β = 4π(ne−no)d
λ
8 +,&( ne − no *+ G%$#9$%'?&'(&
)0 ($%./+* *%10%)& Kne = 1.78 no = 1.5 *E%')%(& &!/$+2$)%'+%$&8 $&."&(/%,&>&'/8 2$)%'+%$&Q8 d
*E#"+%..&0$ )& *+ (20(;& )& ($%./+* *%10%)& &/ λ *+ *2'?0&0$ )E2')& )& *+ *0>%@$&<
 !"#$" %& "'()*&)+(*, %!)+ "! -.$#"& %& /,*/.!#*(.)
R* + #/# )#($%/ "$#(#)&>>&'/ (2>>&'/ *& (0G& "2*+$%.&0$ )& *+ G20(*& )& $#/$2+(/%2' %')0%/
)&. %'/&$9#$&'(&. )& "2*+$%.+/%2'< =E2')& %'(%)&'/& .0$ *+ ,+*,& &./ "2*+$%.#& ,&$/%(+*&>&'/
(2>>& %**0./$# "+$ 5%?<A<S+< T+'. *+ G+.& ( ~n‖, ~n⊥)8 *& (;+>" #*&(/$%10& +,+'/ /$+,&$.#& )&.
($%./+0! *%10%)&. + "20$ (2>"2.+'/&. U
~E = (Ein cos(γ1), Ein sin(γ1))8 *+ "$&>%@$& (2>"2V
.+'/& (2$$&."2')+'/ - *E2')& &!/$+2$)%'+%$& &/ *+ .&(2')& - *E2')& 2$)%'+%$&8 γ1 &/ γ2 #/+'/
"$#(%.#. "+$ 5%?<A<SG< W *+ /$+,&$.#& )& *+ ,+*,& 2"/%10&8 (;+10& (2>"2.+'/& &./ )#";+.#&
$&."&(/%,&>&'/ - *E%')%(& )0 >%*%&0 10E&**& $&'(2'/$&< X;+(0'& )E&'/$& &**&.8 +"$@. $#ﬂ&!%2'
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"+$ *& 5%$2%$6 $&"+$/ )+'. *+ )%$&(/%2' 2""2.#& &/ $&"+..& "+$ *& (07& "2*+$%.&0$6 10% ,+
- '20,&+0 "$28&/&$ (9+10& (25"2.+'/&: ;20$ (+*(0*&$ *& (9+5" #*&(/$%10& Es +"$<. "+.=
.+>& "+$ *& (07& "2*+$%.&0$6 %* ?+0/ +))%/%2''&$ *&. )&0! 2')&.:  ' %'/$2)0%.+'/ *+ "9+.&
φ = 4π
λ
d cos2 θ(ne − no)6 2' 27/%&'/ "20$ Es @
Es = Ein
[
sin(γ1) sin(γ2) + cos(γ1) cos(γ2)e
−iφ] .
A& (+. 2B *&. +'>*&. )& "$28&(/%2' .2'/ /&*. 10& γ1 = −γ2 = 45◦6 *C&ﬀ&/ )C%'/&$?#$&'(& )&
"2*+$%.+/%2' &./ 5+!%505 &/ *& (9+5" #*&(/$%10& Es - *+ .2$/%& )& *+ ,+*,& &./ +*2$. )2''#
"+$ *C&!"$&..%2' @




AC%'/&'.%/# Iw )+'. *& (+. .+'. )%ﬀ$+(/%2' EL = 0F .& (+*(0*& +*2$. (255& @





 ! "#$"!%!&'$( )'*#+
A2$.10& *+ *2'>0&0$ )& "$2"+>+/%2' *%7$& )& *+ *05%<$& L 'C&./ "+. '0**&6 %* ?+0/ /&'%$
(25"/& )& *+ )%ﬀ$+(/%2': G"$<. "+..+>& "+$ *& (07& "2*+$%.&0$6 *& (9+5" #*&(/$%10& E(z) =
Ese
−i(kz−ωt)+c.c. .07%/ *&. &ﬀ&/. )& *+ )%ﬀ$+(/%2' )+'. *+ 720(*& )& $#/$2+(/%2': H2' #,2*0/%2'








 !"# k = 2π
λ
$" !"#%"&' ()*+(" ,&-! +% z. / +, $) 00'*1-2 %-*+ (", "+!"$*00", $"+%"2"+%






























2k (1 + e−iφ)|2.
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 !"#$%& '& %(")*#*(+ #*!+"*,&
56+'+*7.& )& ./+8%*%/# *%'#+%$& )0 92):*& )& *+ ,+*,& 2"/%10& )#($%/ "+$ *&. )&0! #10+/%2'.
(20"*#&. ;<= &/ ;<> "&$9&/ )& $&')$& (29"/& .% 0'& /+%**& ."+/%+*& (+$+(/#$%./%10& ,+ #9&$?
@&$ - "+$/%$ )60' #/+/ A292@:'& )0 .7./:9&< B&//& +'+*7.& + #/# $#+*%.#& )+'. C>DE "20$
*62$%&'/+/%2' 927&''& θ< 56&!"$&..%2' *%'#+$%.#& )0 92):*& ;<= &/ ;<>F "20$ )& G+%8*&. ,+*&0$.
)6%'/&'.%/# &./ *+ .0%,+'/& H
τ∂tθ = −(θ − θ0) + l2∇2⊥θ + α˜Iw,






< I+'. *+ *%9%/& )& $#"2'.& *%'#+%$& )& *+ ,+*,& 2"/%10&F (6&./?-?)%$&F
*2$.10& θ ,+$%& *%'#+%$&9&'/ +,&( *6%'/&'.%/#F *& 92):*& )&,%&'/ (&*0% )60' 9%*%&0 J&$$F +,&(
)&. ,+$%+/%2'. )& "A+.& "$2"2$/%2''&**&. - *6%'/&'.%/#< B& /7"& )& $#"2'.& &./ /$:. @#'#$+*&
&' 2"/%10&< I+'. (&//& +""$2!%9+/%2'F *& 92):*& "&$9&/ )2'( )& )#($%$& )&. (29"2$/&9&'/.
(2990'. - )& '298$&0! .7./:9&. +0/$&. 10& *+ ,+*,& 2"/%10&< 5& "+..+@& )& *6#10+/%2'
&' θ - (&**& &' φ &./ "$#(%.# )+'. *+ $#G#$&'(& C>;E &/ *6#10+/%2' "20$ φ 28/&'0& .6#($%/
ﬁ'+*&9&'/ H
τ∂tφ = −(φ− φ0) + l2∇2⊥φ+ αKerrIw,
+,&( φ0 ≈ β cos θ20 &/ αKerr ≈ −α˜β<
 ' "$&9%&$ *%&0F *+ .2*0/%2' ./+/%2''+%$& A292@:'& '2/#& φ¯ "&0/ L/$& (+*(0*#& &' +''0*+'/
)#"&')+'(&. ."+/%+*&. &/ /&9"2$&**&. H

















φ = φ¯+ φ1,
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25 φ1 &./ 0'& "&/%/& "&$/0$6+/%2'7 10& *82' .0""2.& 9/$& )& *+ :2$;& <
φ1 = ǫe
iqx + ǫ∗e−iqx
+,&( ǫ "&/%/= >8#10+/%2' "20$ *+ "&$/0$6+/%2' φ1 .8#($%/ <







2k0 (ei¯φ + 1− iφ1)|2.




|e−iφ¯ + 1− ie−iq
2L
2k0 [ǫeiqx + ǫ∗e−iqx]|2.
@"$A. )#,&*2""&;&'/ )&. &!"2'&'/%&**&.7 $&B$20"&;&'/ )&. "+$/%&. $#&**&. &/ %;+B%'+%$&.7





















 ' %'/$2)0%.+'/ *8&!"$&..%2' )& φ1 )+'. *8#10+/%2' "20$ *+ "C+.&7 2' +$$%,& - *8#10+/%2'
"20$ ǫ &' '& B+$)+'/ 10& *&. /&$;&. &' eiqx7 *8#10+/%2' "20$ *& (2;"*&!& (2'D0B0# ǫ∗ #/+'/
*+ ;9;& "20$ *&. /&$;&. &' e−iqx <
τ∂tǫe















 ' "2.+'/ ǫ = e[σ+iΩ]t7 2' 26/%&'/ <















 ' .#"+$+'/ *&. "+$/%&. $#&**& &/ %;+B%'+%$& )& *8#10+/%2'7 2' 26/%&'/ ﬁ'+*&;&'/ *&. #10+/%2'.
"20$ λ &/ Ω <















τΩ = 0. EF=4H
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− φ0 = 0,
+,&( φ0 ≈ β cos2(θ0): 520$ 0'& ,+*&0$ )& αIin )2''#&6 /$20,&$ *&. .2*0/%2'. φ¯ $&,%&'/ -
(;&$(;&$ *&. +'/#(#)&'/. x0 10% +''0*&'/ *+ 72'(/%2' f(x) = x − αIin2 [1− cos(x)] − φ0: <
/&'.%2' ﬁ!#&6 *+ (20$>& $&"$#.&'/+'/ φ¯ &' 72'(/%2' )& αIin ?2'/$& 10& .0%,+'/ *&. ,+*&0$.
)& αIin6 *& '2?>$& )& .2*0/%2'. φ¯ ,+$%& &/ 108%* &./ )8+0/+'/ "*0. @$+') 10& αIin &./ @$+')
AB%@:C:DDE: F&*+ &./ (2'72$?& +0 ?2)G*& )& *+ ,+*,& "20$ *&10&* *& '2?>$& )& >$+'(;&. )&
./+>%*%/# +0@?&'/& 10+') *8%'/&'.%/# +0@?&'/& - V0 ﬁ!#:










 !"#$% C:DD H F20$>& /;#2$%10& ?2'/$+'/ *8#,2*0/%2' )& φ¯ &' 72'(/%2' )& αIin "20$ V0 =
12.8 V : I&. "+$/%&. &' >*&0 A$&."&(/%,&?&'/ &' $20@&E (2$$&."2')&'/ +0! "+$/%&. ./+>*&.
A$&."&(/%,&?&'/ %'./+>*&.E:
 !"#$%&' (! (%)*!+)%&' !$ %')$#,%"%$- .&(/"#$%&''!""!
J0$ B%@:C:DC .2'/ /$+(#&. *&. $&*+/%2'. )& )%."&$.%2' τσ 2>/&'0&. +,&( *+ 72$?0*& C:K6 "20$
)%ﬀ#$&'/&. ,+*&0$. )& *8%'/&'.%/# Iin &/ - V0 = 12.8 V ﬁ!#&: M+'. *& (+. 2N *8%'/&'.%/#
&./ '0**&6 *+ $&*+/%2' )& )%."&$.%2' &./ )#($2%..+'/& &/ /20O20$. '#@+/%,&: I+ .2*0/%2'+%$&
./+/%2''+%$& &./ +*2$. ./+>*&: 520$ 0'& %'/&'.%/# '2' '0**&6 %* +""+$+P/ )&. 2.(%**+/%2'.: 5*0.
*8%'/&'.%/# +0@?&'/&6 "*0. *8+?"*%/0)& )& (&. 2.(%**+/%2'. +0@?&'/& &**& +0..% &/ *+ $&*+/%2'
)& )%."&$.%2' "&0/ )&,&'%$ "2.%/%,&: 520$ 0'& ,+*&0$ )& αIin +0Q)&..0. )0 .&0%*6 AαIin = 0.5
"+$ &!&?"*&E6 *+ $&*+/%2' )& )%."&$.%2' +)?&/ 0' ?+!%?0? "20$ 0'& ,+*&0$ ($%/%10& )& q
'2/#& q0 (2$$&."2')+'/ +0 ?2)& *& "*0. %'./+>*&: I+ .2*0/%2' ./+/%2''+%$& '8&./ +*2$. "*0.
./+>*& +0 "$2ﬁ/ )80'& '20,&**& .2*0/%2' )& ,&(/&0$ )82')& q0: I8+'+*R.& )& ./+>%*%/# *%'#+%$&
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"$#)%/ )2'( *5&!%./&'(& )50'& %'./+6%*%/# 72)0*+/%2''&**& (277& +'/%(%"# +0 (8+"%/$& 9:
















 !"#$% ;:9; < =&*+/%2' )& )%."&$.%2' σ &' >2'(/%2' )0 ,&(/&0$ )52')& q "20$ )%ﬀ#$&'/&.
,+*&0$. )& αIin
 !"#$!#"%& &'(!)(*%& +,&%"-(,*%& .(/& *0%1'2")%/$% .% *( -(*-% +'!)3#%
 !"#$%7&'/+*&7&'/@ 10+') *& .A./B7& "+..& +0C)&..0. )0 .&0%*@ 2' ,2%/ .& )#,&*2""&$ 0'
72/%> 8&!+D2'+*: E0+') %'/&$>#$&'(&. )& "2*+$%.+/%2' &/ )%ﬀ$+(/%2' .2'/ "$#.&'/&. .%70*/+C
'#7&'/@ 2' "&0/ 26.&$,&$ )&. ./$0(/0$&. *2(+*%.#&.:  **&. +""+$+%..&'/ (277& )&. "%(. )&
*07%B$& %'/&'.&. &/ %.2*#. .0$ 0' >2') 8272DB'& '2%$@ +,&( 0'& /+%**& /$+'.,&$.& 10% )#"&')
)& L (277&
√
2λL )+'. *& (+. >2(+*%.+'/ α > 0 &/ "20$ L < 0@ &/ 10% &./ )& *52$)$& )&
10&*10&. (&'/+%'&. )& 7%($2'.: F&0$ "$2ﬁ* /$+'.,&$.& "$#.&'/& )&. 2.(%**+/%2'. +A+'/ "20$
2$%D%'& *+ )%ﬀ$+(/%2' &/ *&0$ "&$7&//&'/ )& >2$7&$ )&. #/+/. *%#. &'/$& &**&.: F+ $#>#$&'(& HIJK
>+%/ #/+/ )& *+ "2..%6%*%/# )& (2'/$L*&$ *&. %'/&$+(/%2'. &'/$& ./$0(/0$&. *2(+*%.#&. &' ﬁ*/$+'/
)&. >$#10&'(&. ."+/%+*&. )+'. *5&."+(& )& M20$%&$ - *5+%)& )50'& 20,&$/0$& (%$(0*+%$&: N%ﬀ#C
$&'/. #/+/. *%#. &'/$& ./$0(/0$&. *2(+*%.#&. "&0,&'/ O/$& 26.&$,#.@ "20$ )%ﬀ#$&'/&. )%./+'(&.
*&. .#"+$+'/:
N&. "$2ﬁ*. &!"#$%7&'/+0! )& *5#/+/ 8&!+D2'+* &/ )& ./$0(/0$&. *2(+*%.#&. .2'/ )2''#. "+$
M%D:;:9J+ &/ 6 $&."&(/%,&7&'/:
 ' )&82$. )&. ./$0(/0$&. *2(+*%.#&. )& >2$7& (%$(0*+%$&@ %* &!%./& )&. ./$0(/0$&. *2(+*%.#&.
)& >2$7& /$%+'D0*+%$& 10% (2&!%./&'/ .0$ (&$/+%'&. "*+D&. )& ,+*&0$. )& "+$+7B/$&. +,&( *&.
./$0(/0$&. (%$(0*+%$&. HI3K:  **&. 2'/ *+ "+$/%(0*+$%/# )5+,2%$ )&. .%'D0*+$%/#. )& "8+.& )+'. *&
"$2ﬁ* )& *&0$ (8+7" #*&(/$%10&: P+$ +%**&0$.@ &' %7"2.+'/ 0' 7+.10& )& "8+.& +)+"/#@ %* +
#/# 72'/$# 105%* &./ "2..%6*& )& "*+(&$ *&. ./$0(/0$&. - )&. "2.%/%2'. (82%.%&.@ .0$ 0' $#.&+0
."+/%+* D#'#$# +,&( 0' 72)0*+/&0$ ."+/%+* )& *07%B$& HIIK: Q&$/+%'. &ﬀ&/. )A'+7%10&. 2'/
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ba
 !"#$% 5647 8 9$2ﬁ*. &!"#$%;&'/+0! +< )=0' #/+/ >&!+?2'+* &/ (< )& ./$0(/0$&. *2(+*%.#&.6
#/# ;%. &' #,%)&'(& /&* *& $&@2')%..&;&'/ )&. ./$0(/0$&. *2(+*%.#&. 10% 2.(%**&'/ +0/20$ )&
*&0$ "2.%/%2'. )=#10%*%@$& *2$.10& )&0! )=&'/$& &**&. .2'/ +;&'#&. )+'. 0' "$2(>& ,2%.%A
'+?& *=0'& )& *=+0/$& BCDE6  ' $+%.2' )& *+ ;0*/%./+@%*%/# )0 .F./G;&H %* &./ +0..% "2..%@*&
)=2@.&$,&$ )&. "%(. *2(+*%.#. 10% .& '0(*#&'/ .0$ *=#/+/ >&!+?2'+* BCIE BCJE6 K+'. *& (+. 2L *+
*2'?0&0$ )& "$2"+?+/%2' *%@$& &./ $+;&'#& - M#$2H ;+%. /20N20$. &' "$#.&'(& )=%'/&$O#$&'(&.
)& "2*+$%.+/%2'H %* '=F + "+. )& /+%**& (+$+(/#$%./%10& .#*&(/%2''#& "+$ 0'& %'./+@%*%/# ;2)0A
*+/%2''&**& &/ )+'. (& (+.H 2' 2@.&$,& )&. $#?%;&. @%./+@*&. &'/$& )&0! #/+/. >2;2?G'&. &/
)&. (2''&!%2'. &'/$& &0! .20. O2$;& )& O$2'/. BCPE6 Q20. $&,%&')$2'. "*0. &' )#/+%*. .0$
(&. O$2'/. +0 (>+"%/$& .0%,+'/6 9+$ +%**&0$.H )&. %'./+@%*%/#. .&(2')+%$&. "&0,&'/ (2')0%$&
- *=+""+$%/%2' )=0'& ./$0(/0$+/%2' ."+/%+*&6 K&. &ﬀ&/. '2' *2(+0! )& /$+'.*+/%2' %'/$2)0%/.
)+'. *+ @20(*& )& $#/$2+(/%2' "&0,&'/ (2')0%$& - (& /F"& )=%'./+@%*%/#.6
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+=$' (' 5)#"!3' (- 10#$/ "#$$- &#-& )' $#+ (. !" # !$ '/ 204(%/ %) * ! 2)-& (' >%$3/ !$&
?@AB9 C' 1!D#$ 2)-& 204"%&'7 '$ &-22#&!$/ ,-' )! (*$!+%,-' 2'-/ E/0' "#$/0F)4' 2!0 -$ &'-)
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C!$& "' "8!2%/0'7 $#-& !))#$& (!$& -$ 20'+%'0 /'+2& %$/0#(-%0' )'& (%ﬀ40'$/& /*2'& ('
10#$/& '/ )'-0 (*$!+%,-' '$ 1#$"/%#$ ('& 4/!/& (.4,-%)%50' ,-.%)& "#$$'"/'$/9 Y#-& (4ﬁ$%<
0#$& 2)-& 204"%&4+'$/ )' 284$#+=$' (. !" # !$ '$ 204&'$"' (' +#(-)!/%#$& &2!/%!)'& '$
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,3$##-4$(& ,-! -( .")5/* ,'.#/*6 7"-, ."(&!*!"(, $-,,' 8-3$- 9"','($%* )*, #"'(&, )*
($',,$(0* )* /$ :',&$:'/'&1; /* .")5/* )* /$ 9$/9* <62 *& <6= #*-& ,* )19*/"##*! ,"-, -(*
+"!.* #/-, ,'.#/*6 7"-, $9"(, !1$/',1 -(* 0$!$0&1!',$&'"( *>#1!'.*(&$/* -(')'.*(,'"((*//*
)* /$ )4($.'8-* *( +"(0&'"( )* /$ &*(,'"( #-', *( +"(0&'"( )* )'ﬀ1!*(&, #$!$.5&!*, )*
+"!@$%*6 7"-, #!1,*(&*!"(, *(,-'&* -(* *>&*(,'"( )$(, /* 0$, :')'.*(,'"((*/6 A$ #!1,*(&*
1&-)* 9',* ,-!&"-& B ."(&!*! /$ #",,':'/'&1 )3$%!$+*! )*, +!"(&, *(&!* 1&$&, C"."%5(*, )$(,
/3*>#1!'*(0* )* /$ 9$/9* B 0!',&$-> /'8-')*,; *( $##/'8-$(& -( +"!@$%* ,#$&'$/ #1!'")'8-*6
D-E)*/B )* /3$,#*0& +"()$.*(&$/ )* /31&-)*; /$ &*0C('8-* -&'/',1* #*!.*& -( 0"(&!F/* )-
."&'+ ,#$&'$/ ,"-,EG$0*(& )$(, /$ .*,-!* "H ("-, ."(&!*!"(, 8-* ,$ #1!'")*; ,"( $.#/'&-)*
$'(,' 8-* /$ 9$/*-! ."4*((* $-&"-! )* /$8-*//* $ /'*- /$ .")-/$&'"( #*-9*(& I&!* 0C"','*,6
 !" #$$%&'()* +(,&%-./)* 0) 12 $%&$232+-&4 0)* 5%&4+*
 !"!" #$%&'($)$&* +& ,-./&% 0.//+0&'/& 1+23 *&'&% 4.5.67/+%
 ! "#$%&' ()"*&' '! '+'"*&'
 "-! '//-,&!*! /$ ("&'"( )* :',&$:'/'&1 *(&!* )*-> 1&$&, C"."%5(*, *& /*, 0"((*>'"(, 8-3'/
#*-& *>',&*! *(&!* *-> ,"-, /$ +"!.* )* +!"(&,; "( #*-& 0"(,')1!*! -( .")5/* ,'.#/* *&
:',&$:/* *(&!* )*-> 1&$&, C"."%5(*, J /* .")5/* )* /$ +"!.* ("!.$/* )3-(* :'+-!0$&'"(
+"-!0C* #"-! -(* ,*-/* )'.*(,'"( x )* /3*,#$0*; B /$8-*//* "( !$G"-&* -( &*!.* )'ﬀ-,'+ *&
-(* :!',-!* )* ,4.1&!'* η6 K"( 18-$&'"( #"-! -(* %!$()*-! ,0$/$'!* u *,& )"((1* #$! /$
+"!.-/* L6M ,-'9$(&* J
∂tu = ǫu− u3 + η +D∂xxu, NL6MO
$9*0 D /$ 0"(,&$(&* )* )'ﬀ-,'"( *& ǫ -( #$!$.5&!* )* 0"(&!F/*6 A* ,4,&5.* 1&$(& 9$!'$&'"(E
(*/; "( #*-& !110!'!* /318-$&'"( *( '(&!")-',$(& /* #"&*(&'*/ V (u) 0* 8-' )"((* J










P( #*-& '//-,&!*! /* 0".#"!&*.*(& )- ,4,&5.* *( -&'/',$(& /3$($/"%'* +"!.*//* )3-(* :'//*
9"4$%*$(& *(&!* /*, .'('.$, )3-( #"&*(&'*/ B )*-> #-'&, V (u); "H /$ 9$!'$:/* )3*,#$0* x ,*
,-:,&'&-* '0' B /$ 9$!'$:/* &*.#"!*//* )* /$ ,*0"()* /"' )* 7*Q&"(6
R$(, /* 0$, "H η = 0 *& *( #!*($(& ǫ = 1 #"-! ,'.#/'ﬁ*!; /* #"&*(&'*/ *,& 0".#/5&*.*(&
 !"#$%$&'"( )* +!"(&, )$(, -( .'/'*- ,&!-0&-!1 23
,4.1&!'5-* *& /* ,4,&6.* #",,6)* &!"', 1&$&, )715-'/'8!* 9 )*-: 1&$&, ,&$8/*, *( ;< *& =<
*& -( '(,&$8/* *( > ?@'%ABA<8CA D$(, /* .")* )* !*#!1,*(&$&'"( 0E"','F /71&$& =< *,& /71&$&
("'! &$()', 5-* /71&$& ;< *,& /71&$& 8/$(0A G*, )*-: 1&$&, ,&$8/*, "(& /$ .H.* 1(*!%'* *& /*,
,"/-&'"(, ,4.1&!'5-*, /*, 0"((*0&$(& ,*!"(& '.."8'/*,F 0"..* '()'5-1 ,-! /* )'$%!$..*
,#$&'"=&*.#"!*/ )* @'%ABA<*A D$(, /7*,#$0* )*, #$!$.6&!*,F ,' "( 0"(,')6!* η 0"..* /* #$=





a                                        b                                           c
 <0
d                                       e                                          f      
-1   0    1
 !"#$% BA< I $C=0C 9 #"&*(&'*/, V (u) $,,"0'1, J /$ +"!.* ("!.$/* )* /$ 8'+-!0$&'"( +"-!0E*
1&*()-* *& '.#$!+$'&*F $K*0 )* %$-0E* J )!"'&* /*, 0$, 9 η < 0F η = 0 *& η > 0A L*,
ﬂ60E*, !"-%*, ,-! /*, !*#!1,*(&$&'"(, )*, +!"(&, '()'5-*(& /*-! )'!*0&'"( )* #!"#$%$&'"( N
)C=+C )'$%!$..*, ,#$&'"=&*.#"!*/, 0"!!*,#"()$(& $-: &!"', 0$, )* #"&*(&'*/, !*#!1,*(&1,
$-=)*,,-,A
!$.6&!* )* 0"(&!O/* )* /$ )4($.'5-* )*, +!"(&,F $/"!, /* #"'(& η = 0 0"!!*,#"() $- #"'(&
)* P$:Q*//F 5-' #$! )1ﬁ('&'"( *,& /* #"'(& "S /*, )*-: 1&$&, "(& .H.* 1(*!%'* TU>VA D$(, /*
0$, "S η < 0F /71&$& ;< *,& )*K*(- .1&$,&$8/* &$()', 5-* /71&$& =< *,& J #!1,*(& /* .'('.-.
%/"8$/ )71(*!%'* )- ,4,&6.*A L* +!"(& &*() $/"!, J !1)-'!* /71&*()-* )* /71&$& 8/$(0F ."'(,
,&$8/* 1(*!%1&'5-*.*(& ?@'%ABA<)CA  $! 0"(&!* ,' η > 0F /71&$& ;< *,& /* .'('.-. %/"8$/F
/71&$& =< *,& .1&$,&$8/* ?@'%ABA<0C *& /* +!"(& +$K"!',* /7*:&*(,'"( )* /71&$& 8/$(0 ?@'%ABA<+CA
W( $,,"0'$(& )*-: +!"(&, ,4.1&!'5-*,F "( #*-& $K"'! )*, )".$'(*, /"0$/',1, "- X8-//*,X
)7-( 1&$& ,* (-0/1$(& "- ,* !1&!$0&$(& )$(, /7$-&!* ?@'%A<A2$CA L7$($/4,* )* /*-! ,&$8'/'&1
!1K6/* 0*#*()$(& 5-7*//*, ,"(& '(,&$8/*, T<3VA
W( !*#!1,*(&$&'"( )$(, /7*,#$0* )*, #E$,*,F /* +!"(& 0"((*0&$(& /*, 1&$&, u = +1 *& u = −1
)$(, /* 0$, "S η = 0 *& ǫ = 1F 0"!!*,#"() J -(* 0"((*:'"( E1&1!"0/'(* *(&!* )*-: #"'(&,
,*//*,F &$()', 5-* /71&$& u = 0 0"!!*,#"() J -( 0*(&!*A G*&&* 0"((*:'"( E1&1!"0/'(* 0"!!*,=
#"() J /$ Y"(0&'"( )* /$ K$!'1&1 '(,&$8/* )7-( )*, 1&$&, $K*0 /$ K$!'1&1 ,&$8/* )* /7$-&!*A
L"!,5-* /* #$!$.6&!* η K$!'*F /$ ,"/-&'"( +!"(& #*-& ,* )1,&$8'/',*! *& -(* 0"((*:'"( E"."=
0/'(* *,& ,-,0*#&'8/* )7$##$!$Z&!* TU<VF 0"!!*,#"()$(& J -( )".$'(* /"0$/',1A D*, #"!&!$'&,
 !"#$%$&'"( )* +!"(&, )$(, -( .'/'*- ,&!-0&-!1 23
)* #4$,*, #"-! η < 05 η = 0 *& η > 0 ,"(& )"((1, #$! /$ 6'%78797
a                                    b                                      c
-1              0              1
u
-1              0              1
u
-1              0              1
u
ux
 !"#$% 879 :  "!&!$'&, )* #4$,* )$(, /;*,#$0* <-5 ∂xu= $,,"0'1, > /$ ?'!+-0$&'"( +"-!04*
1&*()-* *& '.#$!+$'&* )$(, /* 0$, "@ ǫ = 1 $A*0 $= η = −0.1995 ?= η = 0 *& 0= η = 0.1997
 !"#$%%&'( )()*+,&-.$ /. 0#'(, %,),&'(()&#$
B;*C#!*,,'"( $($/D&'E-* )- +!"(& #*-& F&!* 0$/0-/1*5 #"-! /$ +"!.* ("!.$/* )* /$ ?'+-!0$&'"(
+"-!04* ,#$&'$/*.*(& 1&*()-* ,$(, ?!',-!* )* ,D.1&!'*5 0;*,&G>G)'!* )$(, /* 0$, η = 0 HIJK7
 "-! 0*/$5 ("-, !*A*("(, $- 0$, %1(1!$/ "@ ǫ *,& )'ﬀ1!*(& )* J5 .$', *( #!*($(& D = 17
B;1(*!%'* )- ,D,&M.* #*-& ,;10!'!* ,"-, /$ +"!.* N




 "-! 0$/0-/*! /;1(*!%'* 0"!!*,#"()$(& $- +!"(& ,&$&'"(($'!*5 '/ +$-& )1&*!.'(*! /* .'('.-.
)- #"&*(&'*/5 *( A1!'ﬁ$(& /$ 0"()'&'"( ∂uV = 0 !" #$%&'( )*(" +&( ,(- -%,&#*%"- -.#*-/.*-."#

































 !"#$%$&'"( )* +!"(&, )$(, -( .'/'*- ,&!-0&-!1 23
4( !*%!"-#$(& )- .5.* 06&1 )* /71%$/'&1 &"-, /*, &*!.*, )1#*()$(& )* u *& )* /7$-&!* 0*-8










$>*0 x0 /$ #",'&'"( )- 0?-! )- +!"(&< 9-' 0"!!*,#"() $- #"'(& "@ /* +!"(& #!1,*(&* /*, #/-,
%!$()*, >$!'$&'"(, ,#$&'$/*,A B7*8#!*,,'"( $($/C&'9-* u(x) )- +!"(& ,&$&'"(($'!* *,& $/"!, =



























 !"#$" %& "! '()&**& %$ +,-.) #-..&#)!.) %&$/ 0)!)* 1-2-34.&* &. 5,0*&.#& %6$.& 7,(*$,&
%& *820),(&
D( #*!&-!;* /$ ,"/-&'"( u *& "( ,* #/$0* )$(, /* 0$, "@ ǫ = 1< ,"'& =
u = uh + w
$>*0 uh /$ ,"/-&'"( ,&$&'"(($'!* :"."%E(* *& w -(* #*&'&* #*!&-!;$&'"(A 4( !*.#/$F$(&





= (uh + w)− (uh + w)3 + η + ∂xx(uh + w),
4( (* %$!)$(& 9-* /*, &*!.*, $- #!*.'*! "!)!* *( w< /719-$&'"( ";&*(-* *,& )* /$ +"!.*
Lw = b $>*0 =
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 "-! 0$/0-/*! /$ 4'&*,,* )- 05-! )- +!"(& x˙06 "( $##/'7-* -(* $/&*!($&'4* )* 8!*)9"/. *(
09*!09$(& -( 1/1.*(& k )- (":$- )* /;"#1!$&*-! $)<"'(& )* L =
< Lw|k >=< w|L+k >= 0,
#-',7-* b ⊥ kerL+> ?! /;17-$&'"( #"-! /$ ,"/-&'"( ,&$&'"(($'!* 9"."%@(* uh *,& /$ ,-'4$(&* =
uh − u3h + ∂xxuh = 0,
A( )1!'4$(& -(* +"', #$! !$##"!& B x6 "( "C&'*(& /;17-$&'"( =
(1− 3u2h + ∂xx)∂xuh = 0,
D*&&* 17-$&'"( 7-' #*-& ,* !110!'!* L+∂xuh = 0 '()'7-* 7-* ∂xuh *,& -( 1/1.*(& )- (":$-
)* L+6 );"E =
< Lw|∂xuh >=< b|∂xuh >= −x˙0 < ∂xuh|∂xuh > −η < 1|∂xuh >= 0.
8'($/*.*(&6 "( $!!'4* B /;*F#!*,,'"( ,-'4$(&* #"-! x˙0 =
x˙0 = −η < 1|∂xuh >
< ∂xuh|∂xuh >,






D* 0$/0-/ ."(&!* )"(0 #"-! /* .")@/* G>H 7-* /$ 4'&*,,* )- 05-! );-( +!"(& 0"((*0&$(&
)*-F 1&$&, 9"."%@(*, 14"/-* /'(1$'!*.*(& $4*0 /* #$!$.@&!* )* C!',-!* )* ,:.1&!'* η>
 !"!# $%& '()*+& ,% -).%/0
I* ,01($!'" 1&$C/' $- #$!$%!$#9* #!101)*(& #"-! /*, +!"(&, *(&!* 1&$&, 9"."%@(*, *,& )'+J
+1!*(& )* 0* 7-' ,* #$,,* #"-! )*, +!"(&, 0"((*0&$(& -( 1&$& 9"."%@(* $4*0 -( 1&$& ,#$J
&'$/*.*(& #1!'")'7-*> A( *ﬀ*&6 /"!,7-;'/ : $ C',&$C'/'&1 *(&!* -( 1&$& 9"."%@(* *& -( 1&$&
,#$&'$/*.*(& #1!'")'7-*6 '/ $ 1&1 #!1)'& &91"!'7-*.*(& -( #91(".@(* )* C/"0$%* )- +!"(&
,-! /* !1,*$- #1!'")'7-* LHMN> I*, +!"(&, 0"((*0&$(& 0*, )*-F &:#*, );1&$& ,"(& $##*/1, +!"(&
)*  ".*$-> ?( #*-&6 #$! *F*.#/*6 /*, !*(0"(&!*! *( 0"(,')1!$(& /$ +"!.* ,"-,J0!'&'7-*
,-'4$(&* )* /;17-$&'"( )* OP'+&JQ"9*(C*!% -(')'.*(,'"((*//* =
∂tu = ǫu+ νu
3 + u5 + (q2 + ∂xx)
2u RG>ST
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 "-! -(* #/$%* )* 4$/*-! )- #$!$.5&!* )* 0"(&!6/* ǫ7 /* +!"(& !*,&* 0"..* $%!$+1 ,-! /*
!1,*$- #1!'")'8-* ,"-,9:$0*(&; < )!"'&* )* /$ !1%'"( )=$%!$+$%*7 /* +!"(& 4$7 #$! >'+-!0$&'"(,
("*-)90"/ ,-00*,,'4*,7 (-0/1*! )* ("-4*//*, 0*//-/*, ,-! /* !1,*$- #1!'")'8-* ,"-,9:$0*(&7 /*
&*!.* 0*//-/* )1,'%($(& )*, #1!'")*, ,#$&'$/*, )- ."&'+; < %$-0?* )* /$ !1%'"( )=$%!$+$%*7
$- 0"(&!$'!*7 /* +!"(& 4$ #!"%!*,,'4*.*(& ,* !1&!$0&*! *( )1&!-',$(& -(* @ -(* /*, 0*//-/*,
8-='/ 0".#"!&*; A* &B#* )* +!"(& 0"!!*,#"() )$(, /=*,#$0* )*, #?$,*, @ -(* 0"((*C'"(
?1&1!"0/'(* *(&!* -( 0B0/* /'.'&* *& -( #"'(& ,*//*;  $! $'//*-!,7 /=*C',&*(0* )=-(* +$.'//*
)="!>'&*, #1!'")'8-*, *,& !*,#"(,$>/* )* /$ !">-,&*,,* )*, +!"(&, )*  ".*$- DEFG; H'%;I;I
)"((* -( #!"ﬁ/ #"-! ǫ = −0.17 *& ν = 1;










 !"#$% I;I K  !"ﬁ/ )=-( +!"(& )*  ".*$-7 ">&*(- #$! '(&1%!$&'"( )* /=18-$&'"( I;F; L*,
#$!$.5&!*, (-.1!'8-*, ,"(& M ǫ = −0.177 ν = 17 q = 0.4;
 !"! #$% &'()*% $)*'$ +$,- .*/*% 0.'1(+12,$%
 ! "#$%&! $! &' ()*+,-'.)#/ *#+,-0! 1.!/$+!2 )"3',*').! !. *#,-1!
N( !*#!*($(& /* 0$)!* )* /=18-$&'"( )* /$ >'+-!0$&'"( +"-!0?* '.#$!+$'&* ,#$&'$/*.*(& 1&*(9
)-* ,-! /$8-*//* ("-, ("-, ,"..*, $##-B1, #"-! '//-,&!*! /=$##$!'&'"( )* +!"(&, *(&!* 1&$&,
?"."%5(*,7 "( #*-& 1&-)'*! /*, +!"(&, *(&!* 1&$&, .")-/1, ,#$&'$/*.*(&7 *( !$:"-&$(& -(
&*!.* )* +"!O$%* ,#$&'$/ ,"'& /$ +"!.-/* I;2 ,-'4$(&* M
∂tu = ǫu− u3 + η +D∂xxu+ a sin(kx), PI;IQ
$4*0 A /=$.#/'&-)* )- +"!O$%* ,#$&'$/7 k = 2π
p
,"( (".>!* )="()* *& p ,$ /"(%-*-! )="()*;
R$(, /* 0$, "S η = 07 /* +!"(& ,&$&'"(($'!* 0"((*0&$(& /*, 1&$&, ?"."%5(*, 9T *& UT PH'%;I;2
 !"#$%$&'"( )* +!"(&, )$(, -( .'/'*- ,&!-0&-!1 23
$4 )*5'*(& ,#$&'$/*.*(& .")-/1 67'%898: ;48 <$ ;!',-!* )* ,=.1&!'* &*() > +$'!* ,* #!"#$%*!













0 100 200 300 400 500 600
x (u. a.)
a                                                      b
 !"#$% 98: ? $4 +!"(& 0"((*0&$(& /*, 1&$&, @"."%A(*, BC *& DC ";&*(- #$! '(&1%!$&'"(
)* /E1F-$&'"( 98C *& ;4 +!"(& *(&!* 1&$&, .")-/1, ,#$&'$/*.*(& ";&*(- #$! '(&1%!$&'"( )*
/E1F-$&'"( 98: $5*0 A = 0.2 *& p = 2π
k
= 108  "-! /*, )*-G &=#*, )* +!"(&,H η = 0H D = 108
<E$.#/'&-)* u *& /$ 5$!'$;/* )E*,#$0* x ,"(& *G#!'.1*, *( -('&1, $!;'&!$'!*,H ("&1*, -8$8
/* +!"(& &$()', F-* /$ .")-/$&'"( #1!'")'F-* &*() > /* ;/"F-*!8  "-! η ("( (-/H ,-'5$(&
/E*ﬀ*& F-' )".'(*H /* +!"(& #*-& ,"'& !*,&*! $%!$+1 ,"'& ,* #!"#$%*! #$! ,$-&, *( )*@"!, )*
/$ !1%'"( )E$%!$+$%*8 J*&&* !1%'"( 0"!!*,#"() > -( '(&*!5$//* )* 5$/*-!, )* η ("&1[−ηc, ηc]H
$5*0 ηc -(* 5$/*-! 0!'&'F-* )* η F-' #*-& ,* 0$/0-/*! $($/=&'F-*.*(& *( +"(0&'"( )* A *&
)* k8 7'%8982 )10!'& /E15"/-&'"( )* /$ +"!.* )- #"&*(&'*/ *( +"(0&'"( )- #$!$.A&!* η )$(, /$
!1%'"( )E$%!$+$%* *& )$(, /*, )*-G !1%'"(, )* #!"#$%$&'"( #$! ,$-&, ,-! /* .'/'*- #1!'")'F-*8
K$(, /$ !1%'"( )E$%!$+$%*H /E*ﬀ*& )* /$ .")-/$&'"( ,#$&'$/* #!1)".'(*8 <* ,=,&A.* !*,&*
#'1%1 )$(, /*, .'('.$ )- #"&*(&'*/ 67'%8982;4 *& /* +!"(& *,& '..";'/* 67'%8982*48 L %$-0@*
)* /$ !1%'"( )E$%!$+$%*H /E*ﬀ*& )* ;!',-!* )* ,=.1&!'* *,& #/-, '.#"!&$(& 67'%8982$4 *&
/* +!"(& 5$ $/"!, ,* !1&!$0&*! *( !1)-',$(& 0*//-/* #$! 0*//-/*H ,"( 1&*()-* ,-! /* .'/'*-
#1!'")'F-* 67'%8982)48 M(ﬁ(H > )!"'&* )* /$ !1%'"( )E$%!$+$%*H /E1&$& @$-& )- ,=,&A.* *,&
/* #/-, +$5"!$;/* )E-( #"'(& )* 5-* 1(1!%1&'F-* 67'%898204 *& /* +!"(& 5$ $/"!, ,E1&*()!* *(
(-0/1$(& )* ("-5*//*, 0*//-/*, ,-! /* .'/'*- .")-/1 67'%8982+48
 !"#$" %& "! '()&**& %$ +,-.) %!.* "& #!* /-%$"0 *1!)(!"&/&.)
O( 0"(,')A!* /E1F-$&'"( ,"-, /$ +"!.* ,-'5$(&* P
∂tu = u− u3 + η + ∂xxu+ a sin(kx), 698:4
 $! !$##"!& $- 0$, @"."%A(*H '/ 5$ ,E$Q"-&*! > /E*G#!*,,'"( )* /$ 5'&*,,* )- +!"(& -(* &*!.*
5*($(& )* /$ .")-/$&'"( ,#$&'$/* )- .'/'*-8 <* )1&$'/ )*, 0$/0-/, *,& )"((1 )$(, /$ !1+1!*(0*






a                                b                                                                           c
d                                                     e                                                    f
V (u)
η < −|ηc| η = 0







η − aC(k) sin(kx0),
ǫ





















































4( ,&'#-/$(& 5-* /*, #1!'")*, )*, &$(%*(&*, ,"(& 1%$/*, 6 2π ,"'& kλ
2






η2 − η2c =
2π *& *( )1ﬁ(',,$(& /$ 8'&*,,* ."9*((* < v >= − λ
T
: "( ";&'*(& 5-* 0*//*<0' ,-'& -(* /"' )*
/$ +"!.* =
< v > = − 3√
2
√
η2 − η2c .
>' "( ("&* η+ = −|ηc| ?!*,#*0&'8*.*(& η− = +|ηc|@ /$ &!$(,'&'"( )A$%!$+$%* )- +!"(& ?!*,<
#*0&'8*.*(& )1,$%!$+$%*@: 0*&&* +"!.-/* ,* !110!'& =




B*&&* +"!.-/* #"-! /$ 8'&*,,* ."9*((* )- +!"(& #*!.*& )A*C#/'5-*! /A$##$!'&'"( )- #D1<
(".E(* )A$%!$+$%*F 4( *ﬀ*&: )$(, /$ !1%'"( )* #$!$.E&!*, "H /* &*!.* ,"-, /$ !$0'(* *,&
(1%$&'8*: /$ 8'&*,,* )*8'*(& '.$%'($'!*: 0* 5-' 0"!!*,#"() )A-( #"'(& )* 8-* #D9,'5-* 6 -(
+!"(& '..";'/* I2JKF 4( )*D"!, )* 0*&&* !1%'"( )* ;/"0$%*: /* &*!.* ",0'//$(& )$(, /$ 8'&*,,*
)10!'& /* #D1(".E(* )* #!"#$%$&'"( #$! ,$-&, ,-! /* .'/'*- .")-/1 ,"-,<L$0*(&F
B* .")E/* &!E, ,'.#/* )* /$ +"!.* ("!.$/* )* /$ ;'+-!0$&'"( +"-!0D* $8*0 +"!M$%* ,#$&'$/
0".#!*() &"-&* /$ #D1(".1("/"%'* )* /$ )9($.'5-* )A-( +!"(& ,-! -( .'/'*- ,#$&'$/*.*(&
.")-/1F
 !"!# $%&'( )*)+,%-.&( (% *&/01-.&( '& /2'3+( '( +) 4)+4( 25%-.&(
 !"#$%&&#'#() *+ "%,-,(*.# /#- &%,()- /# (*,--*(0# /# $* 1,-)*1,$,)! 2 '%/3$# /# $* 4%5'#
(%5'*$#
 !E, )*, #"'(&, )* ($',,$(0* )* ;',&$;'/'&1 ?N'%F3FJO@: /* .")E/* 0".#/*& )* /$ 8$/8* "#&'5-*
3FP *& 3F2: #*-& Q&!* )18*/"##1 ,"-, -(* +"!.* ("!.$/* )* &9#* ;'+-!0$&'"( +"-!0D* ,#$&'$<
/*.*(& 1&*()-* *& $8*0 ;!',-!* )* ,9.1&!'* *& +"!01* ,#$&'$/*.*(&: 1&-)'1* $-C #$!$%!$#D*,




S( !*#E!*!$ -( #"'(& )* ($',,$(0* )* ;',&$;'/'&1 0"..* Iin ≡ Ic: V0 ≡ Vc *& θ ≡ θ0 *& #!E,
)* 0* #"'(& /* .")E/* #"-! -(* 8$!'$;/* Φ ,A10!'& =
τ∂tΦ = η + εΦ− Φ3 + l2∂xxΦ + (b+ cΦ) sin(2πx
p
), ?TF2@
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$4*0 Φ /* #$!$.5&!* )6"!)!* 7-' *,& !*/'1 8 /6"!'*(&$&'"( ."9*((* )- )'!*0&*-! )*, ."/10-/*,
)* 0!',&$-: /'7-')*, #$! /6*:#!*,,'"( ;
θ ≈ θ0 + Φ/(2β cos 2θ0 cot(β cos2 θ0) + (4 + β2 sin 2θ0)/3− 2/ (π/2− θ0)2)1/2,












































A'%@3@B$ #!1,*(&* /614"/-&'"( )* /$ 4'&*,,* ."9*((* )- +!"(& < v >=< dx0
dt
> #"-! /*
.")5/* )* /$ +"!.* ("!.$/* )* /$ C'+-!0$&'"( +"-!0D* 1&*()-*E '.#$!+$'&* *& ,#$&'$/*.*(&
+"!01*E *& #"-! 0".#$!$',"(E A'%@3@BC ."(&!* 0*&&* .F.* 4'&*,,* #"-! /* .")5/* )* /$ 4$/4*@
 "-! /*, )*-: .")5/*,E "( 4"'& /6*:',&*(0* )6-(* !1%'"( )6$%!$+$%* *& )* #$!& *& )6$-&!*E
-(* 14"/-&'"( )* /$ 4'&*,,* ."9*((* *( $00"!) $4*0 /$ +"!.-/* 3@2@  !5, )*, &!$(,'&'"(,
)6$%!$+$%*G)1,$%!$+$%*E 0*&&* +"!.-/* #*-& ,* )14*/"##*! ,"-, /$ +"!.* ,-'4$(&* ;
< dx0/dt >≈ 3
√
(η − η±)η± H3@BI
J$ 4'&*,,* ,-'& -(* 14"/-&'"( *( !$0'(* 0$!!1* )- #$!$.5&!* )* C'+-!0$&'"(E &9#'7-* )6-(*
C'+-!0$&'"( (K-)G0"/@ η+ *& η− )1,'%(*(& /*, +!"(&'5!*, )* /$ !1%'"( )6$%!$+$%*@ L( ,61/"'G
%($(& )*, +!"(&'5!*, )* /$ !1%'"( )6$%!$+$%*E /614"/-&'"( )*4'*(& /'(1$'!* 0"..* )10!'& #$!
/$ +"!.-/* 3@2@ M- 4"','($%* )*, #"'(&, )* ($',,$(0* )* /$ C',&$C'/'&1E -( .")5/* #D1("G
.1("/"%'7-*E #/-, ,'.#/* 7-* /* .")5/* )617-$&'"(, N@O *& N@2E #*!.*& )"(0 )* )10!'!*
/* ,9,&5.*@ P*, !1,-/&$&, &D1"!'7-*, #!1)',*(& )"(0 /* #D1(".5(* )6$%!$+$%* )$(, /6*:#1G
!'*(0* )* /$ 4$/4* "#&'7-*@ Q"-, $//"(, 8 #!1,*(& 4"'! 0"..*(& 0*/$ #*-& F&!* .', *( "*-4!*
*:#1!'.*(&$/*.*(&@
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 "-! -(* 3$/*-! )"((1* )* /$ &*(,'"( V04 /51&$& /* #/-, ,&$6/* &*() 7 *(3$8'! &"-& /5*,#$0*9
:$ +"!.* )- #"&*(&'*/ *& /$ );($.'<-* *( +"(0&'"( )* V0 ,"(& ."(&!1*, 7 /$ ='%9>9?69 @/ *,&
&!A, '.#"!&$(& )* ("&*! <-5'/ *B',&* -(* ,*-/* 3$/*-! )* &*(,'"( ("&1* V0M #"-! /$<-*//* /*
+!"(& *,& '.."6'/*9 C*&&* 3$/*-! 0"!!*,#"() $- #"'(& )* D$BE*// "F /*, )*-B 1&$&, ,&$6/*,
"(& /$ .G.* 1(*!%'* H?IJ9  $!&$(& )* +!"(&, *(&!* 1&$&, 8"."%A(*,4 ("-, $3"(, 1&-)'1 /*,
Point de Maxwell






 !"#$% >9? K $L #!"ﬁ/ *B#1!'.*(&$/ )5-( +!"(& 6')'.*(,'"((*/ *(&!* )*-B 1&$&, )5"!'*(N
&$&'"( )*, ."/10-/*, )* 0!',&$-B /'<-')*,4 "6,*!31 )$(, /5*B#1!'*(0* )* /$ 3$/3* "#&'<-*4
6L #"&*(&'*/, *& )'$%!$..*, ,#$&'"N&*.#"!*/, 0"!!*,#"()$(& )* %$-08* 7 )!"'&* $-B 0$,
V < V0M 4 V = V0M *& V > V0M 4 $3*0 V0M /$ 3$/*-! )* &*(,'"( $,,"0'1* $- #"'(& )*
D$BE*//9
*ﬀ*&, )5-( +"!P$%* ,#$&'$/ ,-! /$ );($.'<-* )- +!"(&9 Q( .")-/$(& ,#$&'$/*.*(& /*, 1&$&,
-('+"!.*,4 0*-BN0' ,* &!$(,+"!.*(& *( ."&'+, #1!'")'<-*,9 R( ,5$&&*() 7 0* <-5'/ *B',&* -(*
!1%'"( )* #$!$.A&!*, #"-! /$<-*//* /* +!"(& !*,&* #'1%1 7 0$-,* )* /$ .")-/$&'"( ,#$&'$/*
HSTJ 0"..* '//-,&!1 ,-! ='%9>9U9
 !" #$%&'()*+,- &./0'+1&-*)2& 34 /50-,16-& 37)8')9)8&:30%)8')9)8&
3)-% 2& ;)% 4-+3+1&-%+,--&2
 !"!# $%&'()*+% %,-./)0%(123% 4 -/)(&)-% 56+1)3)721)8( 5+ 9:;
 "-! '(&!")-'!* -(* ,&!-0&-!$&'"( ,#$&'$/* ,-! /*, )*-B 1&$&, 8"."%A(*,4 ("-, $3"(, -&'/',1
-( .")-/$&*-! ,#$&'$/ )* /-.'A!*9 @/ ,5$%'& )5-( )',#",'&'+ 7 0!',&$-B /'<-')*, )* !1,"/-&'"(
1024×768 XVGA 0")1 *( U 6'&,9 :* V:D *,& #/$01 )$(, -( #/$( 0"(W-%-1 7 0*/-' )- #8"N
&"0"()-0&*-! )* +$P"( 7 0* <-* /* #!"ﬁ/ )5'(&*(,'&1 '.#",1 ,-! 0*/-'N0'4 #*!.*&&* )5'(,0!'!*
-( #!"ﬁ/ )5'()'0* )$(, /$ 3$/3* 7 0!',&$-B /'<-')*,4 0"..* *B#/'<-1 ,-! ='%9X9?9 Y* #/-,4 /*
    V=V0M
point de Maxwell
V0p1<V<V0M V0M<V<V0p2
    A gauche 
de la région d'agrafage
V<V0p1
    A droite 








[V0b1, V0b2] [V0p1, V0p2]
D 150 µm B
p A











A = 210 I0
mW/cm2
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#/-, ,&$4/* )5-( #"'(& )* 6-* 1(*!%1&'7-* &*() 8 *(6$9'! &"-& /5*,#$0*: ;' "( !*#!1,*(&*
/$ 6'&*,,* )- +!"(& *( +"(0&'"( )* V0< "( &!"-6* -(* 16"/-&'"( /'(1$'!* $-&"-! )- #"'(& )*
=$>?*//< ,*-/ #"'(& "@ /$ 6'&*,,* )*6!$'& ,5$((-/*!:
 !"! #$%&'()*+ &,+- './*0&1(.%2 23&1(&0+2 4 B 6= 0
A( !*0"..*(0* /$ .B.* #!"01)-!* 7-* 0*//* $6*0 /* .$,7-* 9"."%C(* .$', $6*0 /* .$,7-*
.")-/1 #1!'")'7-*.*(&: D$ 6$/*-! ."E*((* A *,& &"-F"-!, ﬁ>1* 8 HIJ< .$', 0*&&* +"',<
/5$.#/'&-)* B *,& #!',* 1%$/* 8 I2: K5-( #"'(& )* 6-* 7-$/'&$&'+< 7-$() ("-, $##/'7-"(,
/$ .")-/$&'"( ,#$&'$/*< /*, 1&$&, -('+"!.*, ,* &!$(,+"!.*(& *( 1&$&, ,&!-0&-!1, #1!'")'7-*L
.*(&< 0"..* "( #*-& /* 6"'! ,-! M'%:N:IJ: D5'(&*(,'&1 )*6$(& /$ 6$/6* 8 0!',&$-> /'7-')*,
*,& .")-/1* $-&"-! )5-(* 6$/*-! ."E*((* I0 $6*0 -(* $.#/'&-)* b0 :  "-! 0*&&* ,1!'* )*
.*,-!*,< /$ 6$/*-! ."E*((* )5'(&*(,'&1 I0 = 0.9 mW/cm
2
*& /$ .")-/$&'"( *,& $##!">'.$L
&'6*.*(& )5$.#/'&-)* b0 = 0.1 mW/cm
2
: D*, 6$/*-!, )* I0 *& b0 #*-6*(& B&!* .")'ﬁ1*, *(
F"-$(& ,-! /*, ('6*$-> )* %!', A *& B )- .$,7-* )5'(&*(,'&1 '.#",1 $6*0 /* .")-/$&*-!
,#$&'$/ )* /-.'C!*< "- $/"!, *( F"-$(& ,-! /* !1%/$%* )5-(* /$.* λ/2 OM'%:H:PQ:
D* )'$%!$..* !*#!1,*(&$(& /$ 6'&*,,* ."E*((* )- +!"(& < v > *( +"(0&'"( )* V0 *,& )"((1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x (mm)


























 !"#$% N:IJ R $Q .$,7-* )5'(&*(,'&1 9"."%C(* '.#",1 $6*0 /* ;D= OA = 210< B = 0Q S
4Q .$,7-* $6*0 .")-/$&'"(, ,#$&'$/*, $-&"-! )* /$ 6$/*-! ."E*((* A = 210 $6*0 -(*
$.#/'&-)* B = 15 *& -(* /"(%-*-! )5"()* p = 115 µm S 0Q *& )Q T #!"ﬁ/, )*, +!"(&, "4&*(-,
$6*0 /*, .$,7-*, #!1,*(&1, *( $Q< !*,#*0&'6*.*(& 4Q:
#$! M'%:N:II< #"-! -(* /"(%-*-! )5"()* )* +"!U$%* )* p = 115 µm VPNW: K*, )'$%!$..*,
,#$&'"L&*.#"!*/, #"-! )'ﬀ1!*(&*, 6$/*-!, )* &*(,'"( ,"(& #!1,*(&1, 8 /$ M'%:N:II4: D$ 6'L
&*,,* )- +!"(& *,& (-//* ,-! &"-&* -(* #/$%* )* 6$/*-! )* V0 *( !$',"( )- +"!U$%* #1!'")'7-*
*& .*& #$! 0"(,17-*(& *( 16')*(0* /5*>',&*(0* )5-(* !1%'"( )5$%!$+$%* )- +!"(& *( $00"!)



























< v > V0
p = 115 µm





A = 190 I0
I0 mW/cm
2
mW/cm2 A = 210
V0
agrafage

















< v > V0
A = 190 B = 15
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&*(,'"(, V0 *& #"-! A = 3.5 45'%67637$809 *& A = 4.5 45'%67637)8+96 :$(, /* 0$, "; A = 3.5
*& V0 = 4.9 V 45'%67637$9< /* ,=,&>.* !*/$?* ,-! /@1&$& A$,6 B(* *?#/'0$&'"( #",,'A/* *,&
C-* /$ .")-/$&'"( '.#",1* *,& $/"!, &!"# '.#"!&$(&* #"-! C-* /@1&$& D$-& #-',,* E&!* %18
(1!16 F(&!* /$ ,'&-$&'"( #!1,*(&1* G /$ 5'%67637$ *& 0*//*, #"-! )*, &*(,'"(, #/-, %!$()*,<
V0 = 5.0 *& 5.1 V 45'%67637A *& 09< "( (@"A,*!H* #$, )* #!"#$%$&'"( #$! ,$-&, #1!'")'C-*,6
 "-! A = 4.5 *& V0 = 4.5 *& 4.6 V < !*,#*0&'H*.*(& 45'%67637) *& *9< "( "A,*!H* C-* /* +!"(&
,* !1&!$0&* #$! ,$-&, G #$!&'! )* /$ 0"()'&'"( '('&'$/*6  "-! -(* &*(,'"( -( #*- #/-, 1/*H1*
4 V0 = 4.7 V 9< /* ,=,&>.* *(&!* *(,-'&* )$(, /$ !1%'"( )@$%!$+$%* 45'%67637+96











 !"#$% 7637 I :'$%!$..*, ,#$&'"8&*.#"!*/, "A&*(-, G #$!&'! )* /@'(&1%!$&'"( )- .")>/*
0".#/*& )* /$ H$/H*< ."(&!$(& #"-! $9809 A = 3.5 *& )98+9 A = 4.5< /@1H"/-&'"( )$(, /$
#!"#$%$&'"( )- +!"(& #"-! )'ﬀ1!*(&*, H$/*-!, )* &*(,'"( V0 K $9 V0 = 4.9< A9 5.0< 09 5.1< )9
4.5< *9 4.6< +9 4.7 V 6 L*, $-&!*, #$!$.>&!*, ,"(& K Γ = 1.0< α = 0.3< B = 1.34< p = 106
 !"#$%&'( '& )*+,-.( B
B(* $-&!* 0$!$0&1!',$&'"( #",,'A/* )- #D1(".>(* )@$%!$+$%*8)1,$%!$+$%* #*-& E&!* !1$/',1*
*( %$!)$(& 0*&&* +"', /$ &*(,'"( 0"(,&$(&* .$', *( #!*($(& 0"..* #$!$.>&!* )* 0"(&!M/*
/@$.#/'&-)* B )- +"!N$%*6
F?#1!'.*(&$/*.*(&< ("-, ("-, ,"..*, '(&1!*,,1, ,*-/*.*(& G /$ &!$(,'&'"( )* )1,$%!$+$%*
)- +!"(& *( .*,-!$(& /$ H'&*,,* ."=*((* )- +!"(& < v > *( +"(0&'"( )* B 0"..* !*#"!&1 ,-!
5'%6763O6 P*&&* .*,-!* $ 1&1 !1#1&1* #"-! &!"', H$/*-!, )'ﬀ1!*(&*, )* &*(,'"( K V0 = 5.538<
5.617 *& 5.700 V 6 F( 0".#$!$(& /*, .*,-!*, G V0 = 5.538 V $H*0 0*//*, G 5.617 V < "(
0"(,&$&* C-* /@$%!$+$%* '(&*!H'*(& #"-! -(* $.#/'&-)* #/-, %!$()* )$(, /* ,*0"() 0$,6  "-!
V0 = 5.700 V < "( (@"A,*!H* #$, )* !1%'"( )@$%!$+$%* 0$! G #$!&'! )@-(* 0*!&$'(* $.#/'&-)*
)* +"!N$%*< /* ,=,&>.* ,"!& )* !1%'"( )* A',&$A'/'&1< /$ .")-/$&'"( ,#$&'$/* *,& $/"!, &!"#
'.#"!&$(&*6 P*/$ *,& '//-,&!1 ,-! 5'%6763Q #"-! V0 = 5.700 V *& B ,-#1!'*-! G 3Q6










0 5 10 15 20 25 30

























< v > B










0 x (u. a.)
a                                         b                                          c
120
t (u. a.)
 !"#$% 3456 7 8'$%!$..*, ,#$&'"9&*.#"!*/, (-.1!':-*, ";&*(-, #$! '(&1%!$&'"( )- ."9
)</* )* /$ =$/=* "#&':-*> ."(&!$(& /?'(ﬂ-*(0* )* /?$.#/'&-)* )- +"!A$%* ,-! /$ )B($.':-*
)- +!"(& C $D B = 0.9> ;D 0.94 *& 0D 0.954 E*, $-&!*, #$!$.<&!*, ,"(& C V0 = 5.2 V > Γ = 1.0>
α = 0.3> A = 4.5> p = 104
 !"#$%& '()*#)+& p
F"-, $="(, &*,&1 *G#1!'.*(&$/*.*(& /?'(ﬂ-*(0* )* /$ /"(%-*-! )?"()* ,#$&'$/* p )- +"!A$%*
H &*(,'"( 0"(,&$(&*4 E"!,:-* p $-%.*(&*> /?*ﬀ*& ,-! /$ )B($.':-* *,& )?$-%.*(&*! /?1&*()-*
)* /$ !1%'"( )?$%!$+$%* *& )* ,* !$##!"0J*! -( #*- #/-, )?-( ,B,&<.* )',0!*& *( *,#$0*4 8$(,
/$ !1%'"( H )!"'&* )* /$ !1%'"( )?$%!$+$%*> "( ";,*!=* :-* /$ ='&*,,* ."B*((* )- +!"(& )'.'(-*
/"!,:-* p $-%.*(&* KL'%43452$D4 M* 0".#"!&*.*(& *,& '//-,&!1 #$! /*, )'$%!$..*, ,#$&'"9
&*.#"!*/, *G#1!'.*(&$-G *& (-.1!':-*, )* L'%43452 #"-! )*, +!"(&, ,* #!"#$%*$(& H #$!&'!
)?-(* 0"()'&'"( '('&'$/* /"0$/* )"((1* *& #"-! )*, /"(%-*-!, )?"()* ,#$&'$/*, )'ﬀ1!*(&*,> H
&*(,'"( 0"(,&$(&*4 N( 0"(,&$&* :-* /* .")</* -(')'.*(,'"((*/ )* /$ =$/=* "#&':-* *,& *(
;"( $00"!) $=*0 /*, ";,*!=$&'"(, *G#1!'.*(&$/*,4
 ! "#$%&%#' '( )$*)%#%(+*, -' &$*,(. / '0(',.+*, 1 -'. 2%. 3+4
-+5',.+*,,'6.
 ! !" #$%&'()*%+'$ ,% -'%+./%+'$0
O( ,?$##-B$(& ,-! /$ 0$!$0&1!',$&'"( :-$,' -(')'.*(,'"((*//* :-' ='*(& )?P&!* #!1,*(&1*>
"( #*-& '.$%'(*! -(* *G&*(,'"( H )*-G )'.*(,'"(, )- #J1(".<(* )* #!"#$%$&'"( "- ;/"9
0$%* )?-( +!"(& ,-! -( .'/'*- ,#$&'$/*.*(& ,&!-0&-!14 8'ﬀ1!*(&*, %1".1&!'*, #*-=*(& P&!*
'.#",1*, $=*0 /* .")-/$&*-! ,#$&'$/ )* /-.'<!*> *( $ﬃ0J$(& )*, .$,:-*, )?'(&*(,'&1 ;'9
)'.*(,'"((*/, $=*0 )*, #$!$.<&!*, )* +"!A$%* $)$#&1,4
E* #!*.'*! 0$, /* #/-, ,'.#/* H *(=',$%*! *,& )* %$!)*! /$ .")-/$&'"( ,'(-,"R)$/* )$(,
-(* )'!*0&'"( :-* ("-, $##*/*!"(, x *& ,'.#/*.*(& )?1&*()!* /* #!"ﬁ/ )$(, /$ )'!*0&'"(





























b                            c                            d
e                            f                            g
0.7
t(s)
 !"#$% 4562 7 $8 9'&*,,* .":*((* < v > .*,-!1* *;#1!'.*(&$/*.*(& *( +"(0&'"( )* /$
/"(%-*-! )<"()* )- +"!=$%* p5 >'$%!$..*, ,#$&'"?&*.#"!*/, @8?)8 *;#1!'.*(&$-; *& *?%8
(-.1!'A-*, ."(&!$(& /$ #!"#$%$&'"( )- +!"(& B #$!&'! )<-(* 0"()'&'"( '('&'$/* /"0$/*C #"-!
)'ﬀ1!*(&*, /"(%-*-!, )<"()* p $9*0 @8 p = 115C 08 173 *& )8 345 µm E *8 p = 20C +8 40 *& %8
80 u.a5 F*, $-&!*, #$!$.G&!*, ,"(& Γ = 1.0C α = 0.3C B = 1.4C V0 = 5.35 V 5
#*!#*()'0-/$'!* ("&1* y5 F$ .")-/$&'"( *,& $/"!, )* &:#* !"-/*$-; *& "( ,<$&&*() B #"-9"'!
#'1%*! /* +!"(& )$(, /$ )'!*0&'"( #*!#*()'0-/$'!* B /$ .")-/$&'"( *( $00"!) $9*0 /* 0$, -('?
)'.*(,'"((*/5  $! 0"(&!*C '/ )*9!$'& ,* #!"#$%*! /'@!*.*(& )$(, /$ )'!*0&'"( #$!$//G/* $-;
!"-/*$-;C )'!*0&'"( )$(, /$A-*//* /* +!"(& !*(0"(&!* -( .'/'*- H"."%G(*5 >$(, -( ,*0"()
&*.#,C ("-, $9"(, -&'/',1 )*, %!'//*, ',"&!"#*, $9*0 )*, .")-/$&'"(, 0$!!1*, "- H*;$%"($/*,
IJ3K5
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 ! !" #$%&'()*$+ ),-. /$&'.(&0
 "-! '()-'!* ,-! /* .'/'*- )*, .")-/$&'"(, )* &4#* !"-/*$-56 /$ )',&!'7-&'"( )8'(&*(,'&1
-&'/',1* *,& )1ﬁ('* 0"..* :
I(x, y) = A+B[sin(kx)],
$;*0 k = 2π
p




 !"#$% B<CD E $F G$,H-* )8'(&*(,'&1 &4#* !"-/*$-5 *(;"41 ;*!, /* @=G6 7F !1#"(,* )- ,4,I
&J.* ? -(* 0"()'&'"( 0'!0-/$'!* '('&'$/* -&'/',1* #"-! %1(1!*! /* +!"(&6 0F +!"(& ,* #!"#$%*$(&
)$(, /$ )'!*0&'"( #$!$//J/* $-5 !"-/*$-5<
#!1,*(&1 -( *5*.#/* )* .$,H-* )8'(&*(,'&1 #*!.*&&$(& )* %1(1!*! /$ .")-/$&'"( )* &4#*
!"-/*$-5< A'%<B<CD7 *,& -( #!"ﬁ/ )* /$ !1#"(,* )- ,4,&J.* ? -(* 0"()'&'"( '('&'$/* ,* #!1I
,*(&$(& ,"-, /$ +"!.* )8-( )".$'(* 0'!0-/$'!*6 )* (';*$- )* %!', 255 ,-! -( +"() )8'(&*(,'&1
0 *& A'%<B<CD0 ."(&!* -( #!"ﬁ/ )* +!"(& H-' #*-& K&!* "7&*(- ? #$!&'! )* 0*&&* 0"()'&'"(
'('&'$/*< A'%<B<CL ."(&!* -( $-&!* &4#* )* 0"()'&'"( '('&'$/* ,"-, +"!.* )* 7$()* 1&!"'&*
#$!$//J/* ? /$ )'!*0&'"( )* /$ %!'//* !"-/*$-5 '.#",1* *(,-'&*< M!"', "!'*(&$&'"(, )'ﬀ1!*(&*,
)*, !"-/*$-5 ,"(& #!"#",1*,<
 !"#$! %! &' ()*!""! %# +$,-* %'-" &' %)$!.*),- /,0,12-! !* %'-" &' %)$!.*),- "*$#.*#$3!
O"-, $;"(, 0$!$0&1!',1 /$ )4($.'H-* )- +!"(& ,* #!"#$%*$(& ,-! -( .'/'*- .")-/1 $;*0 -(
.$,H-* )* &4#* !"-/*$-5< =* +!"(& *,& %1(1!1 *( -&'/',$(& -(* 0"()'&'"( '('&'$/* 0'!0-/$'!*
,*.7/$7/* ? 0*//* )* /$ A'%<B<CD7< O"-, !*.#/$>"(, *(,-'&* /* .$,H-* )* /$ 0"()'&'"( '('I
&'$/* #$! 0*/-' )* /$ .")-/$&'"( )* &4#* !"-/*$-5 *& ("-, ,-';"(, /81;"/-&'"( )4($.'H-* )-
+!"(&< P*//*I0' *,& $(',"&!"#*< @' "( !*%$!)*6 /$ )4($.'H-* )$(, /$ )'!*0&'"( #*!#*()'0-/$'!*
$-5 !"-/*$-56 ,-';$(& /*, ;$/*-!, )* #$!$.J&!*, )* &*(,'"(6 /* +!"(& *,& ,"'& $%!$+1 ,"'& ,*
#!"#$%* ,-! /* .'/'*- .")-/16 0"(+"!.1.*(& $-5 !1,-/&$&, !*#"!&1, #"-! /$ 0$!$0&1!',$&'"(
-(')'.*(,'"((*//*<  "-! /*, #$!$.J&!*, 0Q"',',6 ? %$-0Q* )* /$ !1%'"( )8$%!$+$%*6 /$ #!"I
#$%$&'"( #$! ,$-&, #1!'")'H-*, *5',&* ,-! -(* #/$%* )* ;$/*-!, )* &*(,'"( V0 &!J, #*&'&* *&
$;$(& 0*//*I0' /* ,4,&J.* (8*,& #$, 7',&$7/*< R )!"'&* )* /$ !1%'"( )8$%!$+$%*6 "( !*&!"-;*
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a                                b                                c
 d                                e                                 f
 !"#$% 3456 7 $8908 #!"ﬁ/, &!$(,;*!,*, "<&*(-, *( '.#",$(& 0"..* 0"()'&'"( '('&'$/* -(*
/'%(* )* (';*$- )='(&*(,'&1 .$>'.$/* $;*0 /* ?@AB #"-! &!"', "!'*(&$&'"(, )'ﬀ1!*(&*, *&
)89+8 #!"ﬁ/, )* +!"(&, ,* #!"#$%*$(& D #$!&'! )*, 0"()'&'"(, '('&'$/*,B ,-! )*, .'/'*-> )*
&E#* !"-/*$-> "!'*(&1, )'ﬀ1!*..*(&4
/* #F1(".G(* )* #!"#$%$&'"( #$! ,$-&, )10!'& )$(, /* 0$, -(')'.*(,'"((*/4 H*#*()$(&B '/
,*.</* '0' 0"-#/1 D /$ #!"#$%$&'"( /* /"(% )*, !"-/*$->B I-' ,* +$'& D ;'&*,,* D #*- #!G,
-('+"!.*B ,$(, #F1(".G(* )=$%!$+$%* #-',I-* /* .'/'*- !*(0"(&!1 *,& F"."%G(*4 J( *ﬀ*&B
 !"#$% 345K 7 ?1I-*(0* &*.#"!*//* )='.$%*, ."(&!$(& /$ #!"#$%$&'"( )- +!"(& ,-! -(
.'/'*- $;*0 -(* .")-/$&'"( )* &E#* !"-/*$-> L V0 = 5.964 V B A = 195B B = 15B p = 115
µm4 @='(&*!;$//* )* &*.#, *(&!* )*-> '.$%*, *,& )* 0.8 s4
,' /* ,E,&G.* *,& )$(, /$ !1%'"( )=*>#$(,'"( #$! ,$-&, #1!'")'I-*,B /* +!"(& ,* #!"#$%* #$9
!$//G/*.*(& $-> !"-/*$-> M-,I-=D 0* I-='/ N)1<"!)*N #*!#*()'0-/$'!*.*(& #$! ,$-& ,-! /*
!"-/*$- $)M$0*(&4 H*&&* )E($.'I-* )- +!"(& ,-! /*, !"-/*$-> *,& '//-,&!1* #$! /$ ,1I-*(0*
&*.#"!*//* )='.$%*, )* /$ O'%4345KB #"-! )*, #$!$.G&!*, D )!"'&* )* /$ P"(* )=$%!$+$%*4



































V0 vy < vx >
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4'+-!0$&'"(5 0"..* 0*/$ *,& $&&*()- )$(, /* 0$, )6-(* 4'+-!0$&'"( ("*-)70"/5 $ 1%$/*.*(&
1&1 &*,&1* .$', $8*0 -( $00"!) ."'(, 4"(5 *& 0* #/-, #$!&'0-/'9!*.*(& *( ,61/"'%($(& )* /$
&!$(,'&'"( )* )1,$%!$+$%*: ;* .")9/* )* &<#* Φ4 )"((1 #$! =:> )"((* -(* 4"((* )*,0!'#&'"(
?-$/'&$&'8* )* /$ )<($.'?-* )- +!"(& #!"0@* )* /$ !1%'"( )6$%!$+$%*5 .A.* )$(, /* 0$, )*
/6*B&*(,'"( C )*-B )'.*(,'"(, )* /$ .")-/$&'"( ,'(-,"D)$/*:
 ! ! "#$%&'()#* $+ (,-+ .'//01 #% 2+3'4#*+1
E8*0 -(* .")-/$&'"( )* &<#* !"-/*$-B5 '/ *,& #",,'4/* )6$%!$+*! /* +!"(& )$(, -(* )'!*07
&'"( &$()', ?-6'/ #*-& ,* #!"#$%*! )$(, /$ )'!*0&'"( "!&@"%"($/*: F*/$ /$',,* *(&!*8"'! /$
#",,'4'/'&1 )6$%!$+*! /*, +!"(&, )$(, )*-B )'!*0&'"(, "- #/-,5 *( -&'/',$(& #$! *B*.#/*5 )*,
.")-/$&'"(, 0$!!1*, "- @*B$%"($/*,:
 !"#$#!%&'()#!"#$#!% #*%+ ,-% ./',0#12/- +#""(%
 "-! %1(1!*! )*, .")-/$&'"(, 0$!!1*,5 /*, )',&!'4-&'"(, )6'(&*(,'&1 0@"','*, ,"(& )* /$ +"!.* G
I(x, y) = A+B [cos (k x) + cos (k y)] ,
$8*0 x /$ )'!*0&'"( @"!'H"(&$/*5 y /$ )'!*0&'"( 8*!&'0$/* *& k = 2π
p
5 $8*0 p /$ /"(%-*-!
)6"()* )* /$ .")-/$&'"( ,#$&'$/*:  "-! -(* #!*.'9!* ,1!'* )* .*,-!*,5 )*, *(!*%',&!*.*(&,
)* /$ )<($.'?-* )- +!"(& "(& 1&1 !1$/',1, #"-! -(* #/$%* )* 8$/*-!, )* &*(,'"( $//$(& )*
5.205 V C 6.004 V #$! #$, )* I:J V : K*, )'$%!$..*, ,#$&'"7&*.#"!*/, )$(, /*, )'!*0&'"(,
@"!'H"(&$/*5 8*!&'0$/* *& )'$%"($/* "(& 1&1 *B&!$'&, *& ,"(& !*#!1,*(&1, C /$ L'%:=:MJ: ;*,
#$!$.9&!*, )* /$ .")-/$&'"( ,#$&'$/* ,"(& p = 160 µm5 A = 190 *& B = 30: N( #*-& $'(,'
0"(,&$&*! /6*B',&*(0* )6-(* !1%'"( )6$%!$+$%* )$(, /*, &!"', )'!*0&'"(, *& /*, )<($.'?-*, )*
#!"#$%$&'"( #$! ,$-&, #1!'")'?-*, )* #$!& *& )6$-&!* )* 0*&&* !1%'"(:
;$ !1#"(,* )- ,<,&9.* C -(* 0"()'&'"( '('&'$/* 0'!0-/$'!* $ﬃ0@1* #$! /* P;Q *,& #!1,*(&1*
C /$ L'%:=:MM$: R( #!*($(& /* 0$, "S V0 = 5.205 V 5 *( #$!&$(& )* 0*&&* 0"()'&'"( '('&'$/*5
"( #*-& "4,*!8*! -(* )<($.'?-* )* 0"(&!$0&'"( )- +!"(&: F*&&* )<($.'?-* *,& '//-,&!1*
#$! /$ ,1?-*(0* &*.#"!*//* )6'.$%*, )* /$ L'%:=:MM47T: ;* .$,?-* #*!.*&&$(& )6'.#",*! /$
.")-/$&'"( 0$!!1* #"-! 0*&&* ,1!'* )* .*,-!*, *,& #!1,*(&1 C /$ L'%:=:M=$:  "-! -(* 8$/*-!
)* &*(,'"( ,'&-1* C )!"'&* )* /$ !1%'"( )6$%!$+$%*5 /*, #!"ﬁ/, )* L'%:=:M=47* 0"(,&'&-*(& -(*
,1?-*(0* &*.#"!*//* ."(&!$(& /* +!"(& ?-' ,* #!"#$%* ,-! /$ .")-/$&'"( 0$!!1*:
3"/+(',"% '4%ﬀ#6#!% ', $"/-1
V"-T"-!, *( -&'/',$(& /* P;Q5 '/ *,& #",,'4/* )$(, /$ !1%'"( )* 4',&$4'/'&1 )* %1(1!*! -(
+!"(& 1&*()- *& *( $##/'?-$(& /"0$/*.*(& -(* #*!&-!4$&'"( ,-! /* .$,?-*5 *( #!$&'?-*5 *(
#$,,$(& /* 0-!,*-! )* /6"!)'($&*-! ,-! /* .$,?-* )6'(&*(,'&15 )*, #$!&'*, )- +!"(& #*-8*(& A&!*









































V0=5.205      5.302    5.403   5.507       5.603        5.702      5.803       5.904       6.000 V
 !"#$% 4567 8 9'$%!$..*, ,#$&'":&*.#"!*/, #"-! /*, )'!*0&'"(, ;"!'<"(&$/*= >*!&'0$/* *&
)'$%"($/* #"-! -( +!"(& ,* #!"#$%*$(& ,-! -(* %!'//* 0$!!1* #"-! )'ﬀ1!*(&*, >$/*-!, )* V0=
*& #"-! /*, #$!$.@&!*, )* +"!A$%* ,-'>$(&, B A = 190= B = 30 *& p = 160 µm5
a                   b                   c                   d                   e
f                   g                   h                   i                    j
 !"#$% 4566 8 $C D1#"(,* )- ,E,&@.* F -(* 0"()'&'"( '('&'$/* 0'!0-/$'!* *& GC:HC ,1I-*(0*
&*.#"!*//* )J'.$%*, ."(&!$(& /$ )E($.'I-* )* 0"(&!$0&'"( )- +!"(&= H-,I-JF "G&*('! -(*
,&!-0&-!* /"0$/',1* )* &$'//* 0".#$!$G/* F /$ /"(%-*-! )J"()* )* .")-/$&'"(5 K*, #$!$.@&!*,
*L#1!'.*(&$-L ,"(& V0 = 5.205 V *& Iin = 1.4 mW/cm
2
#"-! -( .$,I-* ;"."%@(* )*
('>*$- )* %!', A = 1905 KJ'(&*!>$//* )* &*.#, *(&!* )*-L '.$%*, *,& )* 752 s5
*ﬀ$01*,5 9$(, /$ ,-'&*= ("-, #$!/*!"(, )* 0*//-/* #"-! )1,'%(*! -(* #$!&'* )- +!"(& .")-/1
$,,"0'1* F -(* /"(%-*-! )J"()* )- +"!A$%* ,#$&'$/5 M*&&* #!"01)-!* )J*ﬀ$A$%* #*!.*& )"(0=
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a b                      c                      d                      e
 !"#$% 4564 7 $8 .$,9-* -&'/',1 #"-! %1(1!*! /$ .")-/$&'"( 0$!!1* *& :8;*8 ,19-*(0*
&*.#"!*//* )* #!"ﬁ/, ."(&!$(& /$ #!"%$%$&'"( )- +!"(& ,-! /$ %!'//* 0$!!1* #"-! V0 = 5.702
V 5
#$!&$(& )=-( +!"(& 1&*()- > &"-&* -(* ?"(* )* /$ @$/@* AB'%5456C$8D )* %1(1!*! )* ("-@*$-E
1&$&, )=*E&*(,'"(, #/-, !1)-'&*, AB'%5456C:8D $@*0 /$ #",,':'/'&1 F)=10!'!*F ,-! /* .'/'*-
#1!'")'9-*5 G"-, @*!!"(, #/-, *( )1&$'/, $- 0H$#'&!* C 0"..*(& 0*&&* #!"01)-!* #*!.*& )*
%1(1!*! )*, 1&$&, /"0$/',1, )=1&*()-* )'ﬀ1!*(&*5
a                    b                   c                    d
 !"#$% 456C 7 B!"(& ,-! -(* .")-/$&'"( 0$!!1* J $8 1&$& '('&'$/D :8;)8 $-&!*, 1&$&, %1;
(1!1, #$! *ﬀ$0*.*(& )* 0*!&$'(*, 0*//-/*, )- ."&'+ #1!'")'9-* ,"-,;K$0*(&5 L*, )'ﬀ1!*(&,
#$!$.M&!*, ,"(& N V0 = 5.803 V D A = 180D B = 15D p = 100 µm5
 !"#$%$&'"( )*! *( +','-* +".*,/ 0-1$%"($,-+-(&
L$ )O($.'9-* ,-! -( .'/'*- .")-/1 H*E$%"($/*.*(& $ 1&1 1&-)'1*D *( -&'/',$(& )*, .$,9-*,
)='(&*(,'&1 )1ﬁ(', #$! /$ +"!.-/* ,-'@$(&* N
I(x, y) = A+B
[























$@*0 k = 2π/p5 P$(, /* 0$, )=-(* %!'//* H*E$%"($/*D ("-, (=$@"(, #$, 0$!$0&1!',1 9-$(&'&$;
@*.*(& /* #H1(".M(* )=$%!$+$%*D (' /$ @'&*,,* )* #!"#$%$&'"( *( +"(0&'"( )- #$!$.M&!* )*
0"(&!Q/* V05 L* #H1(".M(* *E',&* (1$(."'(, $@*0 )$(, /$ !1%'"( )=$%!$+$%* /$ #",,':'/'&1 )*
%1(1!*! )*, 1&$&, /"0$/',1, )=1&*()-* )'ﬀ1!*(&*D *( $##/'9-$(& /$ #!"01)-!* )=*ﬀ$R$%* )1;
0!'&* #!101)*..*(&5 S-! B'%5456T *,& #!1,*(&1* -(* ,19-*(0* &*.#"!*//* )='.$%*, ."(&!$(&
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/415"/-&'"( )- +!"(& 6 #$!&'! )4-(* 0"()'&'"( '('&'$/* 0'!0-/$'!*7 8*, #$!$.9&!*, *:#1!'.*(;
&$-: ,"(& /*, ,-'5$(&, #"-! V0 = 5.817 V < A = 187.5= B = 7.5= p = 130 µm= $5*0 Iin = 0.84
mW/cm2 #"-! -( .$,>-* -('+"!.* )* ('5*$- )* %!', 3?@ *& 37AB mW/cm2 6 3CA7
 "-! 0*, 5$/*-!, )* #$!$.9&!*,= /* ,D,&9.* ,* &!"-5* 6 )!"'&* )* /$ !1%'"( )4$%!$+$%* .$',
a b c d
 !"#$% E7F@ G $H #!"ﬁ/ *( #!1,*(0* )4-(* 0"()'&'"( '('&'$/* 0'!0-/$'!*= JH;)H ,1>-*(0*
&*.#"!*//* )4'.$%*, ."(&!$(& 6 )!"'&* )* /$ !1%'"( )4$%!$+$%* /415"/-&'"( ,#"(&$(1* )-
+!"(& ,-! -(* .")-/$&'"( K*:$%"($/*7 84'(&*!5$//* )* &*.#, *(&!* )*-: #!"ﬁ/, *,& )* 4 s7
8*, #$!$.9&!*, *:#1!'.*(&$-: ,"(& < V0 = 5.817 V = A = 187.5= B = 7.5= p = 130 µm=
Iin = 0.84 µW/cm
2
#"-! -( .$,>-* -('+"!.* )* ('5*$- )* %!', 3?@7
#$, &!9, /"'( )* /$ &!$(,'&'"( )* )1,$%!$+$%*7 8* +!"(& ,41&*() #$! ,$-&, )4-( ,'&* )- !1,*$-
$- ,-'5$(&= *( 0K"',',,$(& 0*!&$'(*, )'!*0&'"(, #!1+1!*(&'*//*, *( !$',"( )*, $:*, )* ,D.1&!'*
)* /$ %!'//* K*:$%"($/*7
L"-, $5"(, 5- )$(, /* 0$, -(')'.*(,'"((*/ >-* /$ 5'&*,,* )1#*() )* /$ /"(%-*-! )4"()* )-
+"!M$%*7 N-,,' $5"(,;("-, $ﬃ0K1 /* .P.* .$,>-* )4'(&*(,'&1 #"-! /$ .P.* 5$/*-! )* &*(;
,'"( .$', $5*0 -( +$0&*-! )* %!$()',,*.*(& )'ﬀ1!*(& )$(, /* /"%'0'*/ >-' #*!.*& )4$ﬃ0K*! /*
.$,>-* )4'(&*(,'&17 R'%7E7FB$ *,& -(* !1#!*,*(&$&'"( &!')'.*(,'"((*//* *( +$-,,*, 0"-/*-!,
)* /4'(&*!+$0* *(&!* /*, )*-: 1&$&, .")-/1, K*:$%"($/*.*(&= #"-! -(* &*(,'"( /1%9!*.*(& '(;
+1!'*-!* 6 0*//* #"-! /$>-*//* /$ #!"#$%$&'"( #!1,*(&1* 6 /$ R'%7E7F@ $ /'*-7 R'%7E7FBJ ."(&!*
-( #!"ﬁ/ &!$(,5*!,* *( ('5*$-: )* %!', )* /$ .P.* '(&*!+$0* >-46 /$ R'%7E7FB$ $5*0 *( #/-,
-( 1&$& /"0$/',1 0".#!*($(& -(* ,*-/* 0*//-/* )* /$ .")-/$&'"(7  "-! /*, )*-: +$0&*-!,
)4$ﬃ0K$%* )* /$ .")-/$&'"(= /* ,D,&9.* *,& )$(, /$ !1%'"( )* J/"0$%* 0"..* '//-,&!1 ,-!
R'%7E7FBJ *& 0= $5*0 )*, '(&*!+$0*, "- )*, 1&$&, /"0$/',1, $%!$+1, ,-! /* .'/'*-7 8* +$'& >-*
/* #K1(".9(* )* J/"0$%* )- +!"(& )1#*()* )* /$ /"(%-*-! )4"()* "-5!* )*, #",,'J'/'&1,7
S( #"-!!$'& #$! *:*.#/* '.$%'(*! )*, .$,>-*, )4'(&*(,'&1 $5*0 )*, ,&!-0&-!*, 0".#/*:*,
"- +!$0&$/*,= #"-! /*,>-*/, $##$!$T&!$'& /* .P.* ."&'+ 6 )*, 10K*//*, )'ﬀ1!*(&*,= *( &*($(&
0".#&* )* /$ /'.'&* )* !1,"/-&'"( )- ,D,&9.*7
 !" #$%&'$%( )*+)&$(,*+(
U$(, 0* 0K$#'&!*= ("-, $5"(, .', *( 15')*(0* /$ #",,'J'/'&1 )4$%!$+*! )*, +!"(&, )$(, -(
,D,&9.* )4"#&'>-* ("( /'(1$'!*7 U$(, /* 0$, -(')'.*(,'"((*/= ("-, $5"(, 0"(,&!-'& /*, )'$;




































 !"#$%  !"# $ %& '%()*+ ,-./0+/(.01 %ﬃ341 (*5 6+ 789 :;*5 <1/15+5 6+( ';,*0.;/( 4+=%<;>
/%6+(? @& 5+:51(+/0%0.;/ 05.,.'+/(.;//+66+ +/ A%*((+ 3;*6+*5( ,+ 6-./0+5A%3+ +/05+ ,+*= 10%0(
:15.;,.)*+( B ./0+5A%3+( +0 10%0( 6;3%6.(1( :;*5 6% 'C'+ ';,*6%0.;/ ,-./0+/(.01 )*+ 3+66+ ,+
D.<! !"E %F+3 3& */ %ﬃ34%<+ ,* '%()*+ G "E :;*53+/0( +0 ,& */ %ﬃ34%<+ ,* '%()*+ G   
:;*53+/0(! 8+( :%5%'H05+( ,+ A;5I%<+ (*.F%/0( J V0 = 5.791 V ? A = 187.5? B = 7.5? p = 130
µm :;*5 @& +0 3&? %F+3 Iin = 0.84 µW/cm
2
:;*5 */ '%()*+ */.A;5'+ ,+ /.F+%* ,+ <5.(
KLE!
<5%''+( ,+ F.0+((+ +/ A;/30.;/ ,-*/ :%5%'H05+ ,+ 3;/05M6+? 6% 0+/(.;/? ,%/( 6+ 3%( ,+ A5;/0(
+/05+ 10%0( 4;';<H/+( :*.( :;*5 */ A5;/0 ';,*61 (:%0.%6+'+/0! 8-./ﬂ*+/3+ ,+( :%5%'H05+(
,+ A;5I%<+ (*5 6% ,O/%'.)*+ % %*((. 101 10*,.1+? G 0+/(.;/ 3;/(0%/0+! P/+ +=0+/(.;/ %* 3%(
@.,.'+/(.;//+6 :;*5 ,+( ';,*6%0.;/( ,+ 0O:+ 5;*6+%*=? 3%551( +0 4+=%<;/+( % 1<%6+'+/0
101 51%6.(1+! Q6 :;*55%.0 C05+ ./015+((%/0 ,-%,%:0+5 6% :5;31,*5+ +=:15.'+/0%6+ G ,-%*05+(
(O(0H'+(! R%5 +=+':6+? ,+( '104;,+( .,+/0.)*+( ;/0 101 *0.6.(1+( :;*5 10*,.+5 6+ 3;'>
:;50+'+/0 ,+ /*%<+( ,-%0;'+( *605%>A5;.,( ;* ,+( 3;/,+/(%0( ,+ S;(+>T./(0+./ ,%/( ,+(
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#"&*(&'*/, .")-/1, )* +$4"( $!5'&!$'!* "- )* +$4"( 0".#/*6* 72289
:(ﬁ(< #"-! ("&!* ,=,&>.*< "( #"-!!$'& '.$%'(*! )* %1(1!*! )*, .")-/$&'"(, ,#$&'$/*, #/-,
"!'%'($/*,< *( ,"..$(& #/-, )* ?*0&*-!, )@"()* ,$&',+$',$(& /$ 0"()'&'"( A Σi~ki = 09 B*,
*6*.#/*, )* .$,C-*, )@'(&*(,'&1 C-* /@"( #"-!!$'& &*,&*! ,"(& )"((1, #$! D'%939E29
F- )1/G )* ,"( $,#*0& +"()$.*(&$/< 0*&&* 1&-)* #!1,*(&* -(* .1&H")* *6#1!'.*(&$/* #"-!
 a                                           b                                           c
 !"#$% 39E2 I :6*.#/* )* .$,C-*, )@'(&*(,'&1 #"-! /*,C-*/, Σni=1
~ki = 0 $?*0 $J (KL< 5J
(K2 *& 0J (KM9
%1(1!*! )*, .")-/$&'"(, ,#$&'$/*, )* /$ /-.'>!*9 B* #/-,< /@$%!$+$%* "ﬀ!* /$ #",,'5'/'&1 )@
O10!'!*O ,-! /* .'/'*- ,&!-0&-!1< )*, 1&$&, /"0$/',1, 0"(,&'&-1, )* 0*//-/*, 1/1.*(&$'!*, )-
.'/'*- .")-/19 P*/$ +$'& /@"5Q*& )- 0H$#'&!* ,-'?$(&9
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 !"#$%&' (
)%"%* +,-"+$*.* /"0* +" &.1$,0 /2"1&"3"1'
 ! "#$%&'() %(*"*+),'- .) %#*,/01,) +2$3($4$3) $ *'* 0&5 ), *6&+),") +$,5 .) "$5 7&8
+&0),5&/,,). %/!( !,) 0/+!.$'&/, +) '9%) (/!.)$!: )' %/!( +)5 0/+!.$'&/,5 "$((*)5 )'
#):$3/,$.)5; <$,5 ") "#$%&'()- ,/!5 $../,5 0/,'()( =!) +)5 *'$'5 ./"$.&5*5 "/0%(),$,' +)5
,/07()5 +&ﬀ*(),'5 +) ")..!.)5 +! 0/'&4 %*(&/+&=!) 5/!58?$"),' %)!6),' @'() 5'$7&.&5*5 3(A")
$! %#*,/01,) +2$3($4$3); <$,5 !, 5)"/,+ ')0%5- ,/!5 ()6&),+(/,5 $! "$5 !,&+&0),5&/,8
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 !"#$% 234 5  !"!# $%&"$'#(# &%67%+!"*! n &/$$8$/# )8 +(#/"8 &"++( #%8#9:"&/*! ";/& "< n =
16= >< n = 15= &< n = 8 7$8# 8*/ &/$$8$/ '#%$(/ /! )< n = 63 ?/# 7"+"6@!+/# /A7(+'6/*!"8A B

















y p=100 µm 
b
 !"#$% 23C 5 "< +(7+(#/*!"!'%* !+')'6/*#'%**/$$/ /* ."8##/# &%8$/8+# )-8* (!"! $%&"$'#(
/* .%+6/ )/ DED /! )/ C #!+8&!8+/# $%&"$'#(/# .%+6(/# &F"&8*/ )-8* #/8$/ &/$$8$/ )/ $"
6%)8$"!'%* #%8#9:"&/*!/ /! >< 6"#G8/ )-'*!/*#'!( '67%#( ";/& $/ H?I3 ?/# 7"+"6@!+/#
/A7(+'6/*!"8A #%*! $/# #8';"*!# B V0 = 5.728 V = A = 180= B = 15 /! p = 100 µm3
$-(!"! 7+(#/*!( J $" E',3234" " (!( /ﬀ"&(/ )"*# $-"*,$/ #87(+'/8+ ,"8&F/= &%*)8'#"*! J 8* (!"!
$%&"$'#( &%67+/*"*! 4L &/$$8$/# )8 6%!'. &"++(3 E',3234& /! ) 6%*!+/*! )/8A "8!+/# /A/67$/#3
M"*# $/# 6N6/# &%*)'!'%*# /A7(+'6/*!"$/#= 8* )%6"'*/ /* .%+6/ )/ E " 78 N!+/ #!">'$'#(
OE',323C"<3 H8+ $/ 6N6/ 7+%ﬁ$= %* ;%'! (,"$/6/*! )/8A (!"!# $%&"$'#(# &%67+/*"*! &F"&8*/
8*/ #/8$/ &/$$8$/ )/ $" 6%)8$"!'%* #7"!'"$/ &"++(/3 E',323C> 6%*!+/ $/ 6"#G8/ )-'*!/*#'!(
"ﬃ&F( 7"+ $/ H?I3 R$ ."8! *%!/+ G8/ 7%8+ 8*/ !/*#'%* )%**(/ V0= )"*# $" 7"+!'/ ,"8&F/ )/ $"
+(,'%* )/ >$%&",/ )8 .+%*! O7+%&F/ )/ $" !+"*#'!'%* )-",+".",/<= '$ #/6>$/ S ";%'+ 8*/ !"'$$/
6"A'6"$/ 7%8+ $/ )%6"'*/ G8/ $-%* 7/8! #!">'$'#/+3  * "8,6/*!"*! $" !/*#'%* V0= /! )%*&
/* "77+%&F"*! $/ >%+) )+%'! )/ $" +(,'%* )-",+".",/= '$ )/;'/*! 7$8# )'ﬃ&'$/ )/ #!">'$'#/+ )/#
)%6"'*/# )/ 7/!'!/ !"'$$/3  * /ﬀ/!= %* #/ +"77+%&F/ "$%+# )/ $" !+"*#'!'%* )/ )(#",+".",/
)8 .+%*! /! )%*& $/ #S#!@6/ /#! 7+%&F/ )/ )/;($%77/+ $-(!"! F"8! #8+ !%8!/ $-(!/*)8/ )8
#S#!@6/ T0UV3
 !"!# $%&"$'#(# )"*# $" +(,'%* )-",+".",/ 00
 !"!# $%&'()*+%, -./)0%,)(.
 * +/12$"3"*! $" 1%)4$"!'%* &"++(/ 2"+ $" 1%)4$"!'%* 5/6",%*"$/7 %* 2/4!7 /* "22$'84"*!
$" 191/ 2+%&()4+/7 ,(*(+/+ )/# (!"!# $%&"$'#(# )/ !"'$$/ )'ﬀ(+/*!/; <" #(+'/ )/ 1/#4+/#
a                            b       c
d          e             f
 !"#$% =;> ?  !"!# $%&"$'#(# &%12%+!"*! n &/$$4$/# )4 +(#/"4 5/6",%*"$ #%4#@A"&/*! "B/&
"C n = 117 DC n = 57 &C n = 47 )C n = 37 /C n = 2 /! .C n = 1; </# "4!+/# 2"+"1E!+/# #%*!
V0 = 5.791 V 7 A = 187.57 B = 7.57 p = 130 µm;
/#! $" 191/ 84/ &/$$/ 84' " 1'# /* (B')/*&/ $" 2+%2","!'%* 4* 1'$'/4 "B/& 1%)4$"!'%*#
5/6",%*"$/# FG',;>;HIC 1"'# $" !/*#'%* &5%'#'/ V 0 = 5.791 V #/ #'!4/ )"*# $" +(,'%* )-",+"@
.",/; J%4+ ,(*(+/+ &/# (!"!#7 %* 2"+! )-4* )%1"'*/ #!"D$/ ,(*(+( "B/& $/ K<L #%4# $" .%+1/
)-4*/ &%*)'!'%* '*'!'"$/ &'+&4$"'+/;  * "22$'84"*! !%4A%4+# $" 191/ 2+%&()4+/ )-/ﬀ"&/1/*!7
"B/& $/ &4+#/4+ )/ $-%+)'*"!/4+7 %* 2/4! #!"D'$'#/+ )/# )%1"'*/# 2$4# 2/!'!# 84/ $" &%*)'!'%*
'*'!'"$/ /! &/ A4#84-M */ ,"+)/+ 84-4*/ #/4$/ &/$$4$/ )4 +(#/"4; </# (!"!# $%&"$'#(# %D!/*4#
&%12+/**/*! /*!+/ %*N/ /! 4*/ #/4$/ &/$$4$/ )4 +(#/"4 5/6",%*"$; </4+# 2+%ﬁ$# !+"*#B/+#/#
)-'*!/*#'!( #%*! +/2+(#/*!(# M $" G',;=;>;
J%4+ &%*&$4+/ #4+ &/# (!"!# $%&"$'#(# /* 2+(#/*&/ )/ 1%)4$"!'%*# &"++(/# /! 5/6",%*"$/#7
*%4# 2%4B%*# 1%*!+/+ )/46 "4!+/# /6/12$/# /* +/2+(#/*!"!'%* !+')'1/*#'%**/$$/ /! /*
."4##/# &%4$/4+#; G',;=;=" /#! %D!/*4/ /* 2"+!"*! )-4*/ &%*)'!'%* '*'!'"$/ &'+&4$"'+/ #4+
4*/ ,+'$$/ )/ $%*,4/4+ &"++(/ )/ $%*,4/4+ )-%*)/ p = 160 µm; G',;=;=D 1%*!+/ 4* ,+"*)
)%1"'*/ /!7 /* )/5%+# )/ &/$4'@&'7 4*/ #!+4&!4+/ $%&"$'#(/ "B/& 4*/ #/4$/ &/$$4$/ )4 1%!'.
5/6",%*"$ #%4#@A"&/*!;
P%4# "$$%*# M 2+(#/*! 1%*!+/+7 84/ )"*# $/ &"# 4*')'1/*#'%**/$7 '$ /#! (,"$/1/*! 2%#@
#'D$/ )/ ,(*(+/+ )/# (!"!# $%&"$'#(# )-(!/*)4/ )'ﬀ(+/*!/7 /* /##"Q"*! )/ ."'+/ )/# $'/*# "B/&
$/# "22+%&5/# !5(%+'84/# 84' *-/6'#!/*! 2"# /*&%+/7 2%4+ )/# #Q#!E1/# D')'1/*#'%**/$#;






































 !"#$% 232 4 5/6+(#/*!"!'%* !+')'7/*#'%**/$$/ /* ."8##/# &%8$/8+# )/ 6+%ﬁ$# )-'*!/*#'!(
":/& /* "; 8* (!"! $%&"$'#( "<"*! $" .%+7/ )-8* "$6"," =A = 190> B = 30> p = 150 µm /!
V0 = 5.302 V ; /! /* ?; 8* )%7"'*/ #8+ 8*/ ,+'$$/ @/A",%*"$/ /! 8* (!"! $%&"$'#( &%76+/*"*!
8*/ #/8$/ &/$$8$/ )/ $" 7%)8$"!'%* #%8#BC"&/*!/ =A = 190> B = 20> p = 150 µm> V0 = 5.702
V ;3
 !"!# $%&"$'#(# )"*# $" +(,'%* )-",+".",/ 01
 !" #$$%&'()* +(,&%-./)* )0-*+12+ 312* 4) '1* /2-3-5)2*-&22)4
 !"!# $%&'()&*+,-&.&', )/./(01'&
2$ /3'#!/ 4*/ !5(%+'/ )"*# $/ &"# 4*')'6/*#'%**/$ 7/+6/!!"*! )-/37$'84/+ $" .%+6"!'%* )-(!"!#
$%&"$'#(# )"*# $" +(,'%* )-",+".",/9  $$/ #-"774'/ #4+ 4*/ )/#&+'7!'%* /* !/+6/ )-/*&5/:;<
!+/6/*! )-%+='!/# 5%6%&$'*/# &%**/&!"*! )/43 (!"!# )'ﬀ(+/*!# )"*# $-/#7"&/ )/# 75"#/# ?01@
?0A@9 B%4+ '$$4#!+/+ $/# 7%'*!# /##/*!'/$# )/ &/!!/ !5(%+'/C *%4# "$$%*# *%4# 7$"&/+ D *%4:/"4C
)"*# $/ &")+/ )/ $-(84"!'%* )/ EF'.!<G%5/*=/+, 4*')'6/*#'%**/$$/ ?HI@ J
∂tu = ǫu− u3 − (1 + ∂xx)2u+ g1u2.
K/!!/ (84"!'%* ."'! '*!/+:/*'+ $/# )(+':(/# )-%+)+/ LC &/ 84' '67$'84/ 84/ $-/#7"&/ )/# 75"#/
D &%*#')(+/+ /#! $4' "4##' )/ )'6/*#'%* L9 M* "4!+/ 7%'*! '67%+!"*! /#! $-/3'#!/*&/ )-4*
7$"* )/ +(:/+#'='$'!(9 B%4+ ǫ = 0C $" #%$4!'%* #!"!'%**"'+/ 5%6%,N*/ u = 0 )/:'/*! '*#!"=$/
"4 7+%ﬁ! )-4*/ #%$4!'%* 7(+'%)'84/ /* /#7"&/9 P" #%$4!'%* u = 0 &%++/#7%*) D 4* 7%'*! ﬁ3/
!"*)'# 84/ $" #%$4!'%* 7(+'%)'84/ &%++/#7%*) D 4* &Q&$/ $'6'!/9 R"*# $-/#7"&/ )/# 75"#/# D
L )'6/*#'%*#C &5"&4* )/ &/# 7%'*!# ﬁ3/# 7%##N)/ 4*/ :"+'(!( #!"=$/ /! 4*/ :"+'(!( '*#!"=$/9
P/ 7"+"6N!+/ ǫ /#! 7+'# &%66/ 7"+"6N!+/ 7%4+ &%*!+S$/+ $-/*&5/:;!+/6/*! )/# %+='!/#
5%6%&$'*/#9  * $/ ."'#"*! :"+'/+C '$ /#! 7%##'=$/ 84/ $" :"+'(!( '*#!"=$/ )-4* &Q&$/ $'6'!/
!%4&5/ $" :"+'(!( #!"=$/ )-4* 7%'*! ﬁ3/C /*!+"T*"*! $" !"*,/*&/ )/# )/43 %+='!/# 5%6%&$'*/#
"##%&'(/# D &5"84/ (!"!9 2$ /* +(#4$!/ 4*/ =%4&$/ 5(!(+%&$'*/9 P" +(:/+#'='$'!( )%**/ $'/4 D
4*/ '*ﬁ*'!( )/ =%4&$/# 5%6%&$'*/# &+((/# 7"+ ='.4+&"!'%* *%/4)<&%$ ":"*! 84/ $" !"*,/*&/
/*!+/ $" :"+'(!( #!"=$/ )4 &Q&$/ $'6'!/ /! $" :"+'(!/ '*#!"=$/ )4 7%'*! ﬁ3/ *-'*!/+:'/**/9  *!+/
$" 7+/6'N+/ /! $" )/+*'N+/ !"*,/*&/C &%++/#7%*)"*! "43 $'6'!/# )/ $" +(,'%* )-",+".",/C '$
Q " 4*/ '*ﬁ*'!( )-'*!/+#/&!'%*# /*!+/ $" :"+'(!( #!"=$/ )4 7%'*! ﬁ3/ /! $" :"+'(!( '*#!"=$/
)/ $-%+='!/ 7(+'%)'84/C &%++/#7%*)"*! &5"&4*/ D 4* (!"! $%&"$'#(9 P/ *%6=+/ )/ .%'# %U
$-5%6%&$'*/ !%4&5/ $/ 7$"* )/ +(:/+#'='$'!( &%++/#7%*) "4 *%6=+/ )/ $%*,4/4+# )-%*)/ )/
$-(!"! 7(+'%)'84/ 84/ &%67+/*) $-(!"! $%&"$'#(9 K/!!/ !5(%+'/ 7+()'! )%*&C )"*# $" +(,'%*
)-",+".",/C $-/3'#!/*&/ )-(!"!# $%&"$'#(# ":/& )/# *%6=+/# )'ﬀ(+/*!# )/ $%*,4/4+# )-%*)/ %4
V=%##/#VC "$$"*! )/ W D $-'*ﬁ*'C &/ 84' &%++/#7%*) D $-(!"! 7(+'%)'84/ #-(!/*)"*! D $-/*#/6=$/
)4 #Q#!N6/9
 * !+"X"*! $" *%+6/ "4 &"++(/ (u) /* .%*&!'%* )4 7"+"6N!+/ ǫC $/ )'",+"66/ %=!/*4
#/+7/*!/C )-%U $/ !/+6/ )/  !"#$!% &$'()*"+$,! /* "*,$"'#9 M*/ +/7+(#/*!"!'%* #&5(6"!'84/
)/ &/ )'",+"66/ /#! )%**(/ 7"+ $" Y',9L9Z /! $" +(,'%* )-",+".",/ &%67+'#/ /*!+/ $" 7+/6'N+/
/! $" )/+*'N+/ !"*,/*&/C /#! *%!(/ [ǫ1, ǫ2]9 P/# &5'ﬀ+/# /*!%4+(# '*)'84/*! $/ *%6=+/ )/
$%*,4/4+# )-%*)/ )4 6%!'. '*&$4# )"*# $/# )'ﬀ(+/*!# (!"!# $%&"$'#(#9 P/ )'",+"66/ &%67+/*)
)/43 =+"*&5/#C 4*/ 7%4+ $/# #!+4&!4+/# 7%##()"*! 4* *%6=+/ 7"'+ )/ =%##/# /! 4*/ "4!+/
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)/2%+# )/ $" +(,'%* )/ 3'#!"3'$'!( /*!+/ $-(!"! 2%4%,5*/ /! $-(!"! 6(+'%)'78/9 :" 78/#!'%*
)/ $-'*ﬂ8/*&/ )/# &%*)'!'%*# )/ 3%+)# )8 #<#!54/ #8+ $/ )'",+"44/ )/# (!"!# $%&"$'#(#= /#!
"8##' "3%+)(/ )"*# $/ &")+/ )/ $-(78"!'%* )/ >?'.!@A%2/*3/+, )"*# $" +(.(+/*&/ B0CD9 E%8+ $"
4F4/ (78"!'%*= $/# "8!/8+# )/ B0GD 6+(#/*!/*! 8*/ /H6$'&"!'%* 6%##'3$/ )8 )(#"&&%+) /*!+/
$/# +(#8$!"!# /H6(+'4/*!"8H /! $" !2(%+'/= /* "I%8!"*! 8* !/+4/ *%* $%&"$9 J"*# &/ &"#= $"
*%*@$%&"$'!( '*)8'! 8*/ '*&$'*"'#%* )8 )'",+"44/ )/ 3'.8+&"!'%* "K/& 6%8+ &%*#(78/*&/ $"
)'#6"+'!'%* )/# #!+8&!8+/# $%&"$'#(/# &%46+/*"*! 8* ,+"*) *%43+/ )/ &/$$8$/# )8 4%!'.9
L%*&/+*"*! $/# #<#!54/# %6!'78/#= $/ 6+%3$54/ /#! "3%+)( )"*# $" +(.(+/*&/ B0MD )"*# 8*/
/H6(+'/*&/ &%46+/*"*! 8*/ &"K'!( $"#/+ N #/4'&%*)8&!/8+9 O*/ "8!+/ "$!/+*"!'K/ N &/ )(#"&@
&%+) /#! 6+(#/*!(/ )"*# $" +(.(+/*&/ B0PD9 :-"+,84/*! "K"*&( /#! 78/ $-(!"! 6(+'%)'78/ )'#@
6"+"Q! 6"+ 3'.8+&"!'%* *%/8)@&%$ "K/& 6%8+ &%*#(78/*&/ $" )/#!+8&!'%* )/ $" #(78/*&/ )/
3'.8+&"!'%*# &%*)8'#"*! N $-"66"+'!'%* )/# (!"!# $%&"$'#(# )/ !"'$$/ )'ﬀ(+/*!/9 S$ #83#'#!/+"'!
*("*4%'*# $-(!"! "K/& 8* #/8$/ 3%##/ )8 ."'! )-8*/ +(4'*'#&/*&/ )/ $-(!"! 6(+'%)'78/9
 !" #$%$& '()%'*&+& %,-) .(/0%1- 23*4*5-3&*(33-' 6 (7&-/,%$*(3&
-89+/*5-3$%'-&
 !"!# $%&'(&))* +* ,%-.(/&0%12 +*3 40&03 51/&5%343 .2%+%)*23%122*53
:" !/*#'%* V0 /#! )/ *%8K/"8 6+'#/ &%44/ 6"+"45!+/ )/ &%*!+T$/9 E%8+ ,(*(+/+ )/# (!"!#
$%&"$'#(# )/ !"'$$/ )'ﬀ(+/*!/ )"*# $" +(,'%* )-",+".",/= $" &%*)'!'%* '*'!'"$/ 8!'$'#(/ /#! #%'!
8* ﬂ"#2 )/ $84'5+/= #%'! "K/& $/ >:U 8* 6+%ﬁ$ )/ *'K/"8 )/ ,+'# 4"H'484 WXMMY= +/46$"&(
/*#8'!/ 6"+ $/ 4"#78/ "K/& $" 4%)8$"!'%* #6"!'"$/9 E%8+ 8*/ !/*#'%* )%**(/= 6"+!"*! )/
$-(!"! $/ 6$8# (!/*)8 &%46+/*"*! nmax 3%##/#= )/# (!"!# )/ !"'$$/ 6$8# 6/!'!/ #%*! %3!/*8#
"K/& $" 4F4/ 6+%&()8+/ 78/ 6%8+ $/# (!"!# $%&"$'#(# 3')'4/*#'%**/$# Z /* /ﬀ"["*! 8*/ N 8*/
)/# &/$$8$/# )8 .+%*! #'!8( "8 3%+) )/ &/$8'@&'= I8#78-N n = 0 78' &%++/#6%*) N $-(!"! 3"# )8
#<#!54/9
:" 4%)8$"!'%* #6"!'"$/ 8!'$'#(/ /#! )/ 6(+'%)/ '*.(+'/8+/ N &/$$/ 8!'$'#(/ "8 &2"6'!+/ C= 6%8+
&%*#!+8'+/ $/ )'",+"44/ )/ $" K'!/##/= #%'! A = 190= B = 15 /! p = 90 µm9 E%8+ &%*#!+8'+/
$/ )'",+"44/ )/# (!"!# $%&"$'#(#= %* &2%'#'! 8*/ ./*F!+/ )-%3#/+K"!'%* )8 .+%*!= &%46+/*"*!
8*/ )'\"'*/ )/ $%*,8/8+# )-%*)/ )/ $" 4%)8$"!'%* #6"!'"$/9 E%8+ &2"78/ !/*#'%* /! (!"!
$%&"$'#(= 8* ﬁ$4 /#! +("$'#(9 ] 6"+!'+ )/# '4",/# 4%</**/# )/# ﬁ$4# #%*! !+"&(# $/# 6+%ﬁ$#
$/ $%*, )/ $" )'+/&!'%* )/ $" 4%)8$"!'%* #'*8#%^)"$/9 :-'*!/*#'!( 4%</**/ #8+ $" ./*F!+/
)-%3#/+K"!'%* /#! &"$&8$(/ 6%8+ &2"78/ (!"! $%&"$'#( /! 6%8+ &2"78/ !/*#'%*= 68'# +/6%+!(/
#8+ $/ )'",+"44/ )/ _',9G9P9 L%44/ )"*# $/ &"# 3')'4/*#'%**/$= $/# 4/#8+/# #/43$/*!
'*)'78/+ 78/ 6%8+ &2"78/ !/*#'%*= '$ /H'#!/ 8*/ !"'$$/ 4"H'4"$/ 6%8+ $/# (!"!# $%&"$'#(# 78/
$-%* 6/8! #!"3'$'#/+9 :/# 6+%ﬁ$# )/# (!"!# 3"# /! 2"8! )8 #<#!54/ #%*! )%**(# N $" _',9G9`
 !"!# $%&"$'#(# )"*# $" +(,'%* )-",+".",/ 01



































 !"#$% 234 5 6'",+"77/ +/8+(#/*!"*! $-'*!/*#'!( 7%9/**/ )/ &:";</ (!"! /* .%*&!'%* )/
$" !/*#'%* V03 =-'*!/*#'!( /#! />8+'7(/ /* *'?/"<> )/ ,+'#3 =/# 8"+"7@!+/# )/ $" 7%)<$"!'%*
#8"!'"$/ #%*! A = 190A B = 15 /! p = 90 µm /! $-'*!/*#'!( Iin /#! )/ B3B1 mW/cm
2
3
8%<+ <*/ !/*#'%* V0 = 5.950 V !"*)'# ;</ )/# 8+%ﬁ$# )/# (!"!# $%&"$'#(# &%78+/*"*! )/#
*%7D+/# )/ $%*,</<+# )-%*)/ )/ $" 7%)<$"!'%* "$$"*! )/ E F B1A #%*! 8+(#/*!(# F $" G',3230
8%<+ $" 7H7/ !/*#'%*3















 !"#$% 23I 5 J%<+ <*/ !/*#'%* V0 = 5.950 V A "K (!"! D"# /! DK (!"! :"<! 7%)<$( #8"L
!'"$/7/*!3 =-'*!/*#'!( /#! />8+'7(/ /* *'?/"<> )/ ,+'#3 =/# 8"+"7@!+/# )/ $" 7%)<$"!'%*
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T"$ $-%C*'),-#1$ /" ;B)$" /* (B)H; 1'"(#,-<*" ;"*0"%# I#," H-$"$ "% 10-/"%(" "+;1,-H"%#)@
'"H"%# ;), -%#",61,&H1#,-" "%#," *% 6)-$(")* /" ,161,"%(" "# *% )*#," 6)-$(")* 6)-$)%# )0"(
'" ;,"H-", *% (",#)-% )%C'" /:-%('-%)-$&%F Q)%$ ':-%#",61,&C,)HH"5 *%" $-%C*'),-#1 /" ;B)$"
;&*,,) )'&,$ I#," /1#"(#1" ;), ') ;,1$"%(" /:*%" /-$'&()#-&% /)%$ '"$ 6,)%C"$ /:-%#",61,"%("$5
(&HH" -''*$#,1 ;), '"$ $(B1H)$ /" U-CFVF4F
Q-ﬀ1,"%#"$ 1#*/"$ /)%$ /"$ "+;1,-"%("$ /:&;#-<*" %&% '-%1)-," &%# ;",H-$ /" H"##," "%
+1
-1
a                                                                          b
 !"#$% VF4 W )X $(B1H) ,";,1$"%#)%# *%" /-$'&()#-&% /)%$ '"$ 6,)%C"$ /:-%#",61,"%("$ Y =X
(-,(*')#-&% C = 0 $*, *% (&%#&*, 6",H1 "%#&*,)%# /"*+ $-%C*'),-#1$ /" ;B)$" /" (B),C"
#&;&'&C-<*" &;;&$1"F
10-/"%(" ') 6&,H)#-&% /" 0&,#"+ &;#-<*"$F T) ,161,"%(" 73Z9 ,";&,#" ') ;,"H-K," H-$" "%
10-/"%(" "+;1,-H"%#)'" /-,"(#" /" /16)*#$ #&;&'&C-<*"$5 /)%$ *%" ()0-#1 (&H;,"%)%# *%
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(,-$#)' /" $-'-()#" /" 4-$5*#6 789:;< "% 5&%#,)%# =*" '" %&54," /" $-%>*'),-#1$ /" ?6)$"
)*>5"%#" )0"( '" %&54," /" @,"$%"' F A B) ,1C1,"%(" D2EF 5"# "% 10-/"%(" /"$ ?61%&5G%"$
6H/,&/H%)5-=*"$ /)%$ *% ,1$&%)#"*, )(#-C C&,51 ?), =*)#," 5-,&-,$ "# *% (,-$#)' )(#-C /"
89: 1=*-0)'"%# I *% ')$", /" (')$$" JA  % -%('-%)%# *% 5-,&-, /* ,1$&%)#"*, /)%$ ') /-,"(K
#-&% /* ()%)' /1(,-# ?), ') >1&51#,-" =*)$- *%-/-5"%$-&%%"''" -5?&$1" )0"( *%" &*0",#*,"
,"(#)%>*')-,"< -' "$# ?&$$-4'" /L)((1'1,", '"$ 1(&*'"5"%#$ /" ?6&#&%$ &* 4-"% /L)0&-, /"$
?61%&5G%"$ /" 4)##"5"%#$ (,1)%# /"$ )''1"$ /" 0&,#"+ =*- ,)??"''"%# ("''"$ /" 0&% MN,5)%
"% 6H/,&/H%)5-=*"A O)%$ ') ,1C1,"%(" D22F< I ?),#-, /"$ 1=*)#-&%$ /" P)+Q"''K 8&(6 ?&*,
*% ')$",< )?,G$ ?'*$-"*,$ #,)%C&,5)#-&%$< *%" 1=*)#-&% /" #H?" R-%S4*,>KB)%/)* (&5?'"+"
"$# /1,-01"< /" $#,*(#*," )%)'&>*" I ("''" /" 9Q-C#KT&6"%4",>< $L)??'-=*)%# 6)4-#*"''"5"%#
I ') (&%0"(#-&% /"$ ﬂ*-/"$A  %ﬁ%< ?'*$ ,1("55"%#< 'L"+-$#"%(" /" 0&,#"+ '&()'-$1$ ) 1#1 5-$
"% 10-/"%(" /)%$ *%" "+?1,-"%(" /" /"*+ WX9 B$< (&*?'1$< "% C)(" 'L*% /" 'L)*#,"< 'L*%
C&%(#-&%%)%# (&55" *% )4$&,4)%# $)#*,)4'"< '" $"(&%/ (&55" *% 5-'-"* )5?'-ﬁ()#"*, DY33FA
O)%$ '" $H$#G5" /" ') 0)'0" &?#-=*"< '"$ $#,*(#*,"$ '&()'-$1"$ $&%# /1(,-#"$ ?), 'L1=*)#-&%
/L&%/" ?&*, *% (6)5? 1'"(#,-=*" "% -%#",)(#-&% )0"( ') 5)#-G,"A B"*, (),)(#G," '&()'-$1 C)-#
%1)%5&-%$ =*L&% ?"*# '"$ 0&-, (&55" /"$ &4Z"#$ ?'*$ &* 5&-%$ ?),#-(*')-,"$A  % (&%$-/1K
,)%# ("##" %)#*," *% ?"* /*)'"< &% ?"*# $" /"5)%/", =*"' $",) '"*, (&5?&,#"5"%# $- &% '"$
#,)%$?&,#" $&*$ 'L"ﬀ"# /L*%" #,)%$')#-&%A [&*Z&*,$ )0"( ("##" -/1" /L*%" )%)'&>-" )0"( '"$
ﬂ*-/"$< &% ?"*# ?,1(-$15"%# $L-%#",,&>", $L-' %" ?"*# ?)$ H )0&-, 15",>"%(" /L&,>)%-$)#-&%$
$"54')4'"$ )*+ )''1"$ /" 0&% MN,5N% =*)%/ *%" $#,*(#*," '&()'-$1" "$# )/0"(#1" $*, '"
C&%/ 6&5&>G%" =*- '*- $",# /L1#)# $*??&,#A \&*$ )0&%$ $*,#&*# (6",(61 ') ?,1$"%(" /L"ﬀ"#$
(&%0"(#-C$ '-1$ I ') 4,-$*," /" ') $H51#,-" "# ') ?,1$"%(" /" $-%>*'),-#1$ /" ?6)$"A
 !" #$%&'()*+ $&, ,(-.'(.-&, /*'0/),1&, $0+, /2&341-)&+'& $& /0
%0/%& *4()5.&
O)%$ 'L"+?1,-"%(" /" ') 0)'0" &?#-=*"< 'L"ﬀ"# %&% '&()' /" #,)%$')#-&% ?"*# ]#," -%#,&/*-# /"
/"*+ C)^&%$A B) ?,"5-G," 51#6&/" (&%$-$#" I -%#,&/*-," ') #,)%$')#-&% /" C)^&% (&%#,_'1" "%
/1?')^)%# )* 5&H"% /L*%" 0-$ 5-(,&51#,-=*" 'L"%#,1" /* C)-$(")* /" ﬁ4,"$A B) '"(#*," /" ')
#,)%$')#-&% $" C)-# $*, ') 0-$ 5-(,&51#,-=*"< ?",5"##)%# /" Z&*", $*, ') ?&$-#-&% ')#1,)'" /*
$*??&,# /* C)-$(")* /" ﬁ4,"$ &?#-=*"$< "% ()'(*')%# ') /-ﬀ1,"%(" ?), ,)??&,# I ') $-#*)#-&%
/" ,1C1,"%(" $)%$ /1,-0" /"$ $#,*(#*,"$ '&()'-$1"$A
`%" $"(&%/" 51#6&/" ?&*, -%#,&/*-," ') #,)%$')#-&% (&%$-$#" I /1$)'->%", *% 5-,&-, /" ')
4&*('" /" ,1#,&)(#-&%A  ''" ?",5"# /L-%#,&/*-," *% /1?')("5"%# -%-#-)' /"$ $#,*(#*,"$ '&()K
'-$1"$ /)%$ /"$ /-,"(#-&%$ ),4-#,)-,"$A  ''" /&%%" ?'*$ /" ﬂ"+-4-'-#1 "% #",5" /" ?&$$-4-'-#1$
/" /1,-0" "# /" (6&-+ /" (&%/-#-&%$ -%-#-)'"$A X"?"%/)%#< "''" ) ?&*, /1$)0)%#)>" /" %" ?)$
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4",5"##," *%" 5"$*," 4,1(-$" /* /14')("5"%# -%#,&/*-# /)%$ ') ,1#,&)(#-&%6
 !"!# $%&'()*+*,- ).,-/0'% 1*2 2-/3)-3/*2 '.)('42%*2
 % )44'-7*)%# ') 4,"5-8," 51#9&/": 4&*, /"$ $#,*(#*,"$ '&()'-$1"$ /" #)-''" D 0&-$-%" /"
3;< µm =L ≈ −5 cm>: &% ) ?)-# 0),-", ') #,)%$')#-&% dx /" < @ A;< µm: )* %-0")* /" 'B"%#,1"
/* ?)-$(")* /" ﬁD,"$ 4), ,)44&,# @ ') (&%ﬁE*,)#-&% &F '" ?)-$(")* $B-5)E" $*, '*-G5H5"
#,)%$0",$)'"5"%#6 I"$ 4,&ﬁ'$ /B-%#"%$-#1 /)%$ '" 4')% #,)%$0",$" 4&*, /"$ #,)%$')#-&%$ dx
dx=0 µm     dx=10 µm     dx=20 µm    
dx=30 µm     dx=40 µm     dx=50 µm    
dx=60 µm     dx=70 µm     dx=80 µm    
dx=90 µm     dx=100 µm     dx=110 µm    
 !"#$% J6K L M,&ﬁ'$ "+41,-5"%#)*+ /" $#,*(#*,"$ '&()'-$1"$ 4&*, /"$ 0)'"*,$ /" #,)%$')#-&%
dx (,&-$$)%#"$ )'')%# /" dx = 0 @ 33< µm6
-%?1,-"*,"$ @ ') #)-''" /"$ $#,*(#*,"$ '&()'-$1"$ =/" < @ 33< µm: 4), 4)$ /" 3< µm> $&%#
4,1$"%#1$ 4), N-E6J6K6  % 'B)D$"%(" /" #&*#" #,)%$')#-&%: 4&*, '"$ 0)'"*,$ /" V0 "# Iin (9&-G
$-"$: '"$ $#,*(#*,"$ $&%# 5&D-'"$6 M&*, dx = 10 µm: "''"$ $&%# O)/0"(#1"$O /)%$ ') /-,"(#-&%
/" ') #,)%$')#-&% -%#,&/*-#" $)%$ &* )0"( #,8$ 4"* /" 5&/-ﬁ()#-&% /" '"*, #)-''" %)#*,"''":
(B"$#G@G/-," ("''" 4&*, dx = 0 µm6 P*, '" 4,&ﬁ' (&,,"$4&%/)%# @ dx = 20 µm: '"$ $#,*(#*,"$
'&()'-$1"$ $" /1?&,5"%# (&55" 5-$ "% 10-/"%(" 4&*, ') $#,*(#*," "%#&*,1" 4), '" (",('" "%
4&-%#-''1$ D')%($6 M&*, dx = 30 µm: '"$ $#,*(#*,"$ '&()'-$1"$ $&%# /1?&,51"$ &* $"5D'"%#
(&55" "%#,)Q%1"$ /)%$ *% ﬁ')5"%# '*5-%"*+ /)%$ ') /-,"(#-&% /" ') #,)%$')#-&%6 M&*,
40 < dx < 60 µm: &% &D$",0" *%" &,E)%-$)#-&% 41,-&/-7*" /)%$ ') /-,"(#-&% /" ') #,)%$')G
#-&% /)%$ ')7*"''" '"$ $#,*(#*,"$ &%# *%" #)-''" 4'*$ 4"#-#" 7*" '"*, #)-''" $)%$ #,)%$')#-&% "#
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$&%# )'-4%1"$ '"$ *%"$ /",,-5," '"$ )*#,"$6 7)%$ ') $*-#"8 &% /1$-4%",) ("##" $-#*)#-&% $&*$ '"
%&9 /" $#,*(#*," "% (&''-",6 :&*, ("##" 9"$*,"8 ') #)-''" /"$ $#,*(#*,"$ /)%$ '" (&''-", $"9;'"
/" '<&,/," /" D/2 #)%/-$ =*" ') /-$#)%(" "%#," "''"$ "$# 14)'"9"%# >,&(?" /" D/26 :&*,
70 < dx < 80 µm8 '"$ $#,*(#*,"$ )/&>#"%# *%" )*#," &,4)%-$)#-&% >1,-&/-=*" 9)-$ ("##"
@&-$ )* '-"* /<A#," >),@)-#"9"%# )'-4%1"$8 '"$ $#,*(#*,"$8 #&*B&*,$ /" #)-''" >'*$ >"#-#" =*"
'"*, #)-''" %)#*,"''"8 $<&,4)%-$"%# "% C-4C)4 '" '&%4 /" ') /-,"(#-&% /" ') #,)%$')#-&%6 :&*,
dx = 100 "# DDE µm8 '<&,4)%-$)#-&% "% C-4C)4 "$# /1#,*-#" "# '"$ $#,*(#*,"$ '&()'-$1"$ )>F
>),)-$$"%# G %&*0")* (&99" "%#,)H%1"$ /)%$ *% ﬁ')9"%# /)%$ ') /-,"(#-&% /" ') #,)%$')#-&%6
:&*, /"$ #,)%$')#-&%$ >'*$ 4,)%/"$ =*" ') #)-''" /"$ $#,*(#*,"$ '&()'-$1"$8 '"$ >,&ﬁ'$ /<-%F
#"%$-#1 /)%$ '" >')% #,)%$0",$" >&*, dx )'')%# /" D3E G JKE µm8 >), >)$ /" 3E µm8 $&%#
>,1$"%#1$ >), L-46M6J6 :&*, dx ≈ 170 µm8 &% ,"#,&*0" *%" &,4)%-$)#-&% "% (&''-", )0"( G
dx=120 µm     dx=140 µm     dx=160 µm    
dx=180 µm     dx=200 µm     dx=220 µm    
dx=240 µm     dx=260 µm     dx=280 µm    
dx=300 µm     dx=320 µm     dx=340 µm    
 !"#$% M6J N :,&ﬁ'$ "+>1,-9"%#)*+ /" $#,*(#*,"$ '&()'-$1"$ >&*, /"$ 0)'"*,$ /" #,)%$')#-&%
dx (,&-$$)%#"$ )'')%# /" dx = 120 G JKE µm6
'<-%#1,-"*, /"*+ #)-''"$ (),)(#1,-$#-=*"$ >&$$-;'"$ (&"+-$#)%# /" '<&,/," /" D "# D/26 L-%)F
'"9"%#8 >&*, dx > 170 µm8 '"$ $#,*(#*,"$ $&%# (&9>'5#"9"%# $1>),1"$ '"$ *%"$ /"$ )*#,"$
)0"( *%" #)-''" (),)(#1,-$#-=*" D6 O"$ ,1$*'#)#$ $&%# $P%#?1#-$1$ $*, ') L-46M6K) =*- /&%%"
>&*, (?)=*" dx *%" 10)'*)#-&% /" ') #)-''" (),)(#1,-$#-=*" D /"$ $#,*(#*,"$8 9"$*,1" /)%$
') /-,"(#-&% /" ') #,)%$')#-&% -%#,&/*-#" "# /)%$ ') '-9-#" /" >,1(-$-&% )(("$$-;'"6 Q%" "+>'-F
()#-&% >&$$-;'" /" '<10&'*#-&% &;$",01" >&*, '"$ $#,*(#*,"$ "% @&%(#-&% /" ') #,)%$')#-&% >"*#
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 23




































 !"#$% 456 7 )8 #)-''" (),)(#1,-$#-9*" D /"$ $#,*(#*,"$ '&()'-$1"$ "# :8 /-$#)%(" d $1;),)%#
/"*+ $#,*(#*,"$ '&()'-$1"$< ="$*,1"$ /)%$ ') /-,"(#-&% /" ') #,)%$')#-&% -%#,&/*-#" "# "%
>&%(#-&% /" dx5
?#," ') $*-0)%#" . 9*)%/ ') /-$#)%(" "%#," "''"$ "$# ;'*$ ;"#-#" 9*" ') #)-''" /"$ $#,*(#*,"$<
("''"$@(- $" ,"(&*0,"%# A ()*$" /" ') ,1#,&)(#-&% %&% '&()'"5 B' "% ,1$*'#" /"$ -%#",)(#-&%$
"%#," $#,*(#*,"$5 C ;),#-, /" dx = 180 µm< ') /-$#)%(" "%#," $#,*(#*,"$ $"=:'" 10&'*", 9*)$-
'-%1)-,"="%# )0"( dx "# '"*, #)-''" ,"$#" 1D)'" A D EF-D5456:85 G"##" ;,"=-H," (),)(#1,-$)#-&%
;",="# /" /&%%", *%" -/1" /"$ /-ﬀ1,"%#$ ,1D-="$ 9*- ;"*0"%# ?#," )##"-%#$ "% >&%(#-&% /"
dx5
 !"!" #$%&'( )*+),(-.&/0 1 /23(4,+.&/03 )( 3&0%56+4&.$3 )( 78+3( 7+4 '(9
354(3 &0.(4:$4/'$.4&;5(3
I&*, ,"(J",(J", ') ;,1$"%(" /" $-%D*'),-#1$ /" ;J)$" /)%$ '" ;,&ﬁ' /"$ $#,*(#*,"$ '&()'-$1"$
)/0"(#1"$< %&*$ )0&%$ (&%$#,*-# *% -%#",>1,&=H#,"5 LM*% /"$ :,)$ /" 'M-%#",>1,&=H#," "$# '"




























f = 25 cm L2 CP
M λ/2 P L
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 23
/" ,141,"%("5 ,1ﬂ1(7- 8), '" (*9" 8&'),-$"*,5 /" 8&'),-$)#-&% 7&,-:&%#)'" ;<-=>3>3)?> @) 8,1A
$"%(" /" $-%=*'),-#1$ /" 87)$"5 $- "''"$ "+-$#"%#5 $" #,)/*-,) 8), /"$ /-$'&()#-&%$ /" 4,)%="$
/)%$ 'B-%#",41,&=,)CC"> @) '&%=*"*, /" 8,&8)=)#-&% '-9," ) 1#1 )C"%1" D L ≈ −16 cm5 ("
E*- (&,,"$8&%/ D /"$ $#,*(#*,"$ /" #)-''" /" 'B&,/," /" F3G µm> H&*, &8#-C-$", ') /1#"(#-&%
/" $-%=*'),-#1$ /" 87)$"5 -' 4)*# I&*", $*, ') #)-''" /"$ 4,)%="$ "% C&/-ﬁ)%# '1=K,"C"%#
'B&,-"%#)#-&% /"$ C-,&-,$ /* $"(&%/ 9,)$ /" 'B-%#",41,&CK#,"> L"##" &,-"%#)#-&% "$# )I*$#1"
/" 4)M&% D )0&-, "%#," N "# 3 4,)%="$ 8), $#,*(#*," '&()'-$1"> O"$ 8,&ﬁ'$ "+81,-C"%#)*+ /"
$#,*(#*,"$ '&()'-$1"$ E*)$- -CC&9-'"$ $&%# /&%%1$ 8), <-=>3>39 /)%$ '" ()$ $)%$ 4,)%="$5
E*)%/ '" $"(&%/ 4)-$(")* "$# "%'"015 "# 8), <-=>3>3( )0"( 4,)%="$> O)%$ *% ()$ -/1)' $)%$
)*(*%" #,)%$')#-&%5 '"$ $#,*(#*,"$ '&()'-$1"$ &%# ') $PC1#,-" (-,(*')-," 7)9-#*"''" "# '"*, -%A
#",41,&=,)CC" %" 8,1$"%#" 8)$ /" /-$'&()#-&%$ /" 4,)%="$>
Q 8),#-, /" ("##" $-#*)#-&%5 &% /1$)'-=%" $&*/)-%"C"%# '" C-,&-, M /" ') 9&*('" /" ,1#,&A
)(#-&%> @"$ $#,*(#*,"$ '&()'-$1"$ )(E*-K,"%# )'&,$ *%" 0-#"$$" /)%$ ') /-,"(#-&% -%/*-#" 8),
'" /1$)'-=%"C"%# "# '"*, 8,&ﬁ' "$# /B)*#)%# 8'*$ /14&,C1 E*" ') 0-#"$$" (&CC*%-E*1" "$#
=,)%/"> O"$ 8,&ﬁ'$ #,)%$0",$"$ /" $#,*(#*,"$ '&()'-$1"$ )/0"(#1"$ /)%$ *%" /-,"(#-&% $&%#
/&%%1$ 8), <-=>3>R) "# *% 8,&ﬁ' '" '&%= /" ') /-,"(#-&% /" /18')("C"%# /" ') $#,*(#*," "$#
C&%#,1 D ') <-=>3>R9> S% (&%$#)#" E*" /)%$ ') #,)-%1" /" ') $#,*(#*," '&()'-$1" )88),)T# *%"
&%/"'"##"> H&*, $)0&-, $- ("##" 8",#" /" $PC1#,-" /" ') $#,*(#*," '&()'-$1" "$# )$$&(-1" D ')

















 !"#$% 3>R U )? 8,&ﬁ'$ #,)%$0",$"$ "+81,-C"%#)*+ /" $#,*(#*,"$ '&()'-$1"$ )/0"(#1"$ "# 9?
8,&ﬁ' "+81,-C"%#)' /)%$ ') /-,"(#-&% /" ') #,)%$')#-&% -%/-E*1" 8), ') '-=%" 8&-%#-''1"> %>=>
/1$-=%" '"$ %-0")*+ /" =,-$>
%)-$$)%(" /" $-%=*'),-#1$ /" 87)$"5 %&*$ )0&%$ ,"=),/1 '"$ -%#",41,&=,)CC"$ /" $#,*(#*,"$
'&()'-$1"$ /)%$ (" ,1=-C" /B)/0"(#-&%> V'$ C&%#,"%# ') 8,1$"%(" /" /-$'&()#-&%$ /" 4,)%="$
/)%$ '"$ 8,&ﬁ'$ /"$ $#,*(#*,"$ '&()'-$1"$5 )##"$#)%# /" ') 8,1$"%(" /" $-%=*'),-#1$ /" 87)$">
O"*+ "+"C8'"$ /B-%#",41,&=,)CC"$ /" $#,*(#*,"$ '&()'-$1"$ )/0"(#1"$ /)%$ ') /-,"(#-&% -%A
/*-#" 8), ') #,)%$')#-&% $&%# 8,1$"%#1$ 8), <-=>3>W) "# 9 8&*, /"*+ &,-"%#)#-&%$ /-ﬀ1,"%#"$
/"$ 4,)%="$ /B-%#",41,"%("$5 /)%$ /"$ (&%/-#-&%$ (&C8),)9'"$> S% /-$#-%=*" %"##"C"%# *%
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(&*4'" /" /-$'&()#-&%$ /" 5,)%6"$ 7 '8)0)%# /" ') $#,*(#*," "# *% )*#," /)%$ '" $-'')6" /" ')
$#,*(#*,"9
:&*, /"$ /1$)'-6%";"%#$ /* ;-,&-, /" ,1#,&)(#-&% 4'*$ 6,)%/$< -' "$# 4&$$-='" /8&=$",0",
a                                            b 
c                                           d 
 !"#$% >9? @ )A "# =A 4,&ﬁ'$ "+41,-;"%#)*+ /" $#,*(#*,"$ '&()'-$1"$ )/0"(#1"$< (A "# /A
;C;"$ 4,&ﬁ'$ D*" )A "# =A ;)-$ "% %16)#-5< )0"( ;-$" "% 10-/"%(" /"$ '-6%"$ /8-%#"%$-#1
;)+-;)'" 4&*, '&()'-$", '"$ /-$'&()#-&%$ /" 5,)%6"$9
/"$ &,6)%-$)#-&%$ D*" %&*$ )0&%$ /1$-6%1"$ $&*$ '" #",;" /" (&''-",9 E% 4,&ﬁ' "+41,-;"%#)'
/" (" #F4" "$# ;&%#,1 4), G-69>9H)9 I% F 0&-# *%" 41,-&/-(-#1 /)%$ ') /-,"(#-&% /" ') #,)%$J
')#-&%9 K"$ 4),#-"$ 4'*$ -%#"%$"$ $&%# /" #)-''" -%51,-"*," 7 ') #)-''" /"$ $#,*(#*,"$ '&()'-$1"$
"% '8)=$"%(" /" #,)%$')#-&%< /" '8&,/," /" LMN µm< $&-# "%0-,&% '" D*),# /" ') #)-''" %)#*J
,"''" /"$ $#,*(#*,"$ '&()'-$1"$ $)%$ #,)%$')#-&%9 G-69>9H= ;&%#," *% -%#",51,&6,);;" /" ("
#F4" /8&,6)%-$)#-&%< ,101')%# ') 4,1$"%(" /" /-$'&()#-&%$ /" 5,)%6"$ /" 4),# "# /8)*#," /" ')
/-,"(#-&% /" ') #,)%$')#-&%9 O" ;C;" -%#",51,&6,);;" "$# 4,1$"%#1 "% %16)#-5 7 ') G-69>9H(
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 23
a
b c
 !"#$% 456 7 )8 9,&ﬁ' "+91,-;"%#)' "% %1<)#-= 9&*, L ≈ 16 cm> ?8 -%#",=1,&<,);;"
;&%#,)%# /)%$ (" ,1<-;" /" 9),);@#,"$> 'A"+-$#"%(" /" /-$'&()#-&%$ /" =,)%<"$ )$$&(-1"$ B
/"$ $-%<*'),-#1$ /" 9C)$" "# (8 ;D;" -%#",=1,&<,);;" E*A"% ?8 ;)-$ "% %1<)#-=> )0"( ;-$"
"% 10-/"%(" /"$ '-<%"$ /A-%#"%$-#1 ;)+-;)'" 9&*, '&()'-$", '"$ /-$'&()#-&%$ /)%$ ') /-,"(#-&%
/"$ =,)%<"$5
)0"( ;-$" "% 10-/"%(" /"$ /-$'&()#-&%$ 9), '" #,)(1 /"$ '-<%"$ /A-%#"%$-#1 ;)+-;)'" /)%$ ')
/-,"(#-&% /"$ =,)%<"$5
 !" #$%&'( %( ') *)'*( $+,-./( (0 +123(04( %( ,1)03'),-$0 5 )0)6
'73( %( 3,)8-'-,2 '-02)-1(
F&*$ )0&%$ ,1)'-$1 *%" )%)'G$" /" $#)?-'-#1 '-%1)-," /* ;&/@'" /" ') 0)'0" &9#-E*" )0"(
,1#,&)(#-&% /1(,-# 9), '"$ 1E*)#-&%$ H5I "# H54> /)%$ '" ()$ *%-/-;"%$-&%%"'> "% -%('*)%#
'A"ﬀ"# /" #,)%$')#-&%5 J* (C)9-#," H> 'A"+9,"$$-&% H5K /" ') ,"')#-&% /" /-$9",$-&% τσ 9&*, ')
9C)$" φ ) 1#1 1#)?'-"5 L&*, #"%-, (&;9#" /" ') #,)%$')#-&% dx -%#,&/*-#" /)%$ ') ,1#,&)(#-&%
&9#-E*"> -' =)*# $*?$#-#*", I˜w(x+ dx) B I˜w(x) /)%$ 'A1E*)#-&% H5K> (" E*- $" #,)/*-# 9), .















&M /)%$ '" $"(&%/ #",;" /* ;";?," /" /,&-#" eiqx ) 1#1 ,";9')(1 9), eiq(x+dx)5  % $-;9'-ﬁ)%#
9), eiqx> "% 1(,-0)%# '"$ "+9&%"%#-"''"$ (&;9'"+"$ $&*$ '"*, =&,;" #,-<&%&;1#,-E*"> 9*-$ "%
$19),)%# '"$ 9),#-"$ ,1"''" "# -;)<-%)-," /" 'A1E*)#-&%> &% &?#-"%# ﬁ%)'";"%# '"$ ,"')#-&%$ /"
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 23
/-$4",$-&%$ 4&*, σ "# Ω5 6" #)*+ /" (,&-$$)%(" σ /" '7-%$#)8-'-#1 "$# /&%( ,19- 4), '71:*)#-&% .































;% %&#" q0 '" <&/" q '" 4'*$ -%$#)8'" /)%$ '" ()$ $)%$ #,)%$')#-&% "# qc  ! "#$! %&&#'() %*
"%+("*" $!  % ,! %-(#. $! $(&/!,&(#. τσ0 1#*, '#"/%,!, %2!'  !& ,)&* -%-& !+/),("!.-%*+
(  *&-,)& /%, 3(405067 L !&- /,(& )4% 8 95 cm0 :. ';#(&(- *.! 2% !*, $<(.-!.&(-) -!  ! =*! /#*,
V0 = 12.8 V 7 *. "#$! (.&-%> ! q0 &#(- %*9$!&&*& $* &!*( ?αIin = 4.0@0
3(4050A /,)&!.-! &*, $!& 4,%/;(=*!& &)/%,)&  !& ,! %-(#.& $! $(&/!,&(#. τσ(q) /#*, $(ﬀ)9
,!.-!& 2% !*,& $! -,%.& %-(#. dx0 1#*, '#"/%,%(&#.7  ! '%& &%.& -,%.& %-(#. !&- -#*C#*,&
(.$(=*) !. /#(.-(  )&0 D*(2%.-  !& 2% !*,& $! -,%.& %-(#. (.-,#$*(-!7  ! 2!'-!*, q %&&#'() %*
"%+("*" $!  % ,! %-(#. $! $(&/!,&(#. )2# *!0 D*, 3(4050A>9!7 *. 2!'-!*, $<#.$! / *& 4,%.$
=*! q0 /%&&! *. $!&&*& $* &!*( 0 E.! -%(  ! '%,%'-),(&-(=*! / *& /!-(-! $!2,%(- $#.' )"!,4!,
$%.&  ! &F&-G"!0 D*, 3(4050AH7 $!*+ "#$!&7  <*. / *& 4,%.$ =*! q0 !-  <%*-,! / *& /!-(-7 &#.-
%*9$!&&*& $* &!*( %2!' $!& 2% !*,& $! τσ '#"/%,%> !&0
I!  <%.% F&! $!& ,! %-(#.& $! $(&/!,&(#. /#*,  !& $(ﬀ),!.-!& 2% !*,& $! dx7 #. /!*- !+9
-,%(,! *.! -%(  ! '%,%'-),(&-(=*! Λ /#*,  ! &F&-G"!7 $)ﬁ.(! '#""! Λ = 2π
qc
0 K% '#*,>!
,!/,)&!.-%.- Λ !. H#.'-(#. $! dx !&- /,)&!.-)! 8  % 3(4050LM0 1#*, dx < 80 µm7 #. #>&!,2!
$!*+ ,)4("!& N -#*- $<%>#,$ Λ %*4"!.-! -,G&  )4G,!"!.- '#"/%,) %* '%& dx = 0 µm7 '!
=*( &!"> ! !. %''#,$ %2!'  !& #>&!,2%-(#.& !+/),("!.-% !& $%.&  ! ,)4("! #O  !& &-,*'-*,!&
&#.- &("/ !"!.- %$2!'-)!&0 1#*, $!& 2% !*,& $! dx / *& 4,%.$!&7 ( !+(&-! *. ,)4("! #O  %
-%(  ! '%,%'-),(&-(=*! Λ !&- (.H),(!*,! 8  % -%(  ! .%-*,!  ! $!& &-,*'-*,!&  #'% (&)!&0 K% / %4!
$! 2% !*,& $! dx #>-!.*! /%,  <%.% F&!  (.)%(,! &!"> ! 8 /!* /,G& '#"/%-(> ! %2!' '!  !
#>&!,2)! !+/),("!.-% !"!.- /#*,  !& #,4%.(&%-(#.& $! -F/! '#  (!, #* P(4P%40
:. /!*- )4% !"!.- '#.&-,*(,! *.! 2(-!&&! '%,%'-),(&-(=*! v '#""! v = Ωc/qc0 1#*,  %
/ %4! $! 2% !*,& $! dx '#"/,(&!& !.-,! M !- QM µm7 '!--! 2(-!&&! %*4"!.-! !. H#.'-(#. $!
dx7 !. %''#,$ %2!'  !& '#"/#,-!"!.-& !+/),("!.-%*+ #>&!,2)& ?3(4050LL@0 R H%*- .#-!, =*!
 !& ,)&* -%-& #>-!.*& $%.&  <!+/),(!.'! $)/!.$!.- $!  % 2% !*, $! /,#/%4%-(#.  (>,! ';#(&(!
L "%(& %*&&( $* '#*/ ! $! 2% !*,& $! /%,%"G-,!& (V0, Iin)0 1 *&  % &-,*'-*,!  #'% (&)! !&-
4,%.$!7 / *& ( &!"> ! F %2#(, $! -%(  !& '%,%'-),(&-(=*!& / *& /!-(-!& (.-!,")$(%(,!&0 S<!&-
)4% !"!.- '! =*! &!"> !.- (.$(=*!,  !& #>&!,2%-(#.& !+/),("!.-% !&0







































c                                                                    d 
a                                                                    b 
e                                                                    f 
 !"#$% 342 5 6"')#-&%$ /" /-$7",$-&% τσ 7&*, αIin = 4 "# V0 = 12.8 V 7&*, /-ﬀ1,"%#"$
0)'"*,$ /" #,)%$')#-&%$ dx4  % #,)-#$ 7&-%#-''1$ "$# 7,1$"%#1 $*, (8)9*" (&*,:" '" ()$ $)%$
#,)%$')#-&%4 ); dx = 20 µm< :; dx = 40 µm< (; dx = 60 µm< /; dx = 80 µm< "; dx = 100
µm "# =; dx = 150 µm4














 !"#$% 4523 6 7)-''" (),)(#1,-$#-8*" Λ /)%$ '" $9$#:;" "% <&%(#-&% /" ') #,)%$')#-&% dx5















 !"#$% 4522 6  0&'*#-&% /" ') 0-#"$$" (),)(#1,-$#-8*" v "% <&%(#-&% /" ') #,)%$')#-&% dx5
 !" #$%&'()$*+, +&%-.$/&0, 10, .-2$%0, 13(1405)$*+ 10, ,).&56
)&.0, '*5('$,-0,
="$ $-;*')#-&%$ %*;1,-8*"$ /* ;&/:'" (&;>'"# /" ') 0)'0" ? (,-$#)*+ '-8*-/"$ @5A "# @54B
"% >,1$"%(" /C*%" #,)%$')#-&% /" 'C-%#"%$-#1 ,);"%1" $*, '" >D&#&(&%/*(#"*, &%# 1#1 ,1)'-E
$1"$5 F" (&/" %*;1,-8*" *#-'-$1 (&;>,"%/ *%" ;1#D&/" >$"*/& $>"(#,)'" /)%$ ')8*"''" '"$
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 232
/1,-01"$ $4)#-)'"$ "# '5&41,)#"*, /" /-ﬀ,)(#-&% $&%# ,1$&'*"$ /)%$ '5"$4)(" /" 6&*,-", #)%/-$
7*" ') /1,-01" #"84&,"''" "$# ()'(*'1" 4), *% )'9&,-#:8" /" ;*%9"<=*##) )/)4#)#->? @"$
$-8*')#-&%$ %*81,-7*"$ &%# 4",8-$ /" ,"#,&*0", *%" 4),# -84&,#)%#" /"$ ,1$*'#)#$ "+41<
,-8"%#)*+ 4,1$"%#1$ 4,1(1/"88"%# )0"( '5)0)%#)9" /5)0&-, )((A$ )* (:)84 1'"(#,-7*" "#
/&%( /-,"(#"8"%# )*+ $-%9*'),-#1$ /" 4:)$"B )'&,$ 7*" /)%$ '5"+41,-"%(" %&*$ %5)0&%$ )((A$
7*5C '5-%#"%$-#1? D%" -%>&,8)#-&% $*, ') 4:)$" %" 4"*# E#," &F#"%*" 7*" 4), '5-%#",81/-)-,"
/" 8"$*,"$ -%#",>1,&81#,-7*"$?
G)%$ '"$ $-8*')#-&%$B 4&*, (,1", '"$ $#,*(#*,"$ '&()'-$1"$B *%" -84*'$-&% 9)*$$-"%%" "$#
91%1,1" -%-#-)'"8"%#? H"') (&,,"$4&%/,)-# /)%$ '5"+41,-"%(" C 4",#*,F", '&()'"8"%# '" $I$<
#A8" )0"( *%" -84*'$-&% '*8-%"*$"B /)%$ '" ,19-8" /" F-$#)F-'-#1? D%" >&-$ ') $#,*(#*,"
(,11" %*81,-7*"8"%#B &% )##"%/ *% %&8F," /" 4)$ /5-%#19,)#-&% $*ﬃ$)%# C $) $#)F-'-$)#-&%
)0)%# /5-%#,&/*-," *%" #,)%$')#-&% /" '5-%#"%$-#1 /" ,1#,&)(#-&% $*, '" 4:&#&(&%/*(#"*,? G"$
(&%/-#-&%$ )*+ F&,/$ 41,-&/-7*"$ $&%# -84&$1"$ /)%$ ') /-,"(#-&% /" ') #,)%$')#-&%?
K' "$# -84&,#)%# /" $&*'-9%", 7*" /)%$ '"$ $-8*')#-&%$B %&*$ %5)0&%$ )((A$ 7*5C /"$ 0)'"*,$
/" /14')("8"%# dx "%#-A,"$ $- &% '"$ "+4,-8" "% 4-+"'$? L&*, (&%0",#-, '"$ /14')("8"%#$






)0"( nesag '" %&8F," /" '&%9*"*,$ /5&%/" /* 8&#-> $&*$<M)("%# 7*" '5&% 4"*# >)-," ,"%#,",
/)%$ '" $I$#A8" "# N '" %&8F," /" 4-+"'$ /)%$ ') 9,-''" /5-%#19,)#-&%? @) #)-''" /* $I$#A8" "$#
ﬁ+1" C 512∗512? L&*, *%" #)-''" /" $#,*(#*," /&%%1"B &% 4"*# /&%( M&*", $*, '" (&"ﬃ(-"%# /"
(&%0",$-&% "% (:)%9")%# '" 4),)8A#," nesag? G" ("##" >)O&%B &% 4"*# )0&-, )((A$ C /5)*#,"$
0)'"*,$ /" #,)%$')#-&%?
 !"!# $%& L = −8 cm
L&*, *%" 4,"8-A," $1,-" /" 4),)8A#,"$B ') '&%9*"*, /" 4,&4)9)#-&% L "$# ﬁ+1" C −8 cmB
') #)-''" (),)(#1,-$#-7*"
√
2λL "$# )'&,$ /" PQ3 8-(,&%$? L&*, nesag = 24B '" (&"ﬃ(-"%# /"
(&%0",$-&% g "$# )'&,$ /" 14.9 µm.pixel−1? @) #"%$-&% "$# ﬁ+1" C V0 = 13.0 V "# αIin = 1.0?
G"$ 4,&ﬁ'$ %*81,-7*"$ #,)%$0",$"$ /"$ $#,*(#*,"$ '&()'-$1"$ /)%$ ') /-,"(#-&% /" ') #,)%$')<
#-&% $&%# /&%%1$ 4), 6-9?R?2QB 4&*, /-ﬀ1,"%#"$ 0)'"*,$ /" #,)%$')#-&% dx? @" 4,&ﬁ' 6-9?R?2Q)
(&,,"$4&%/ )* ()$ $)%$ #,)%$')#-&% . '" 4,&ﬁ' /" ') $#,*(#*," '&()'-$1" "$# )'&,$ $I81#,-7*"?
L&*, *%" >)-F'" #,)%$')#-&% /" dx = 30 µmB &% &F$",0" *%" #,A$ '19A," /1>&,8)#-&% /*
4,&ﬁ' /" ') $#,*(#*," S6-9?R?2QFT? U* >*, "# C 8"$*," 7*" ') #,)%$')#-&% dx )*98"%#"B
("##" /1>&,8)#-&% $5)(("%#*"?  ''" "$# 0,)-8"%# "ﬀ"(#-0" 4&*, dx > 50 µm?  ''" $5)((&8<
4)9%"B "% 4),#-(*'-",B /" ') %)-$$)%(" /5*%" &%/"'"##" /)%$ '" $-'')9" /" ') $#,*(#*," '&()'-$1"
S6-9?R?2Q(T? G" 4'*$B &% (&%$#)#" "% (&84),)%# '"$ 4,&ﬁ'$ /" 6-9?R?2Q( "# /B 7*" '5)84'-#*/"
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 234
/* 5-( ("%#,)' "# /" '6&%/"'"##" )*78"%#"9 :&*, dx = 120 µm ;<-79=924">? &% 0&-# )55),)@#,"
*%" $"(&%/" &%/"'"##"? $-#*1" )5,A$ ') 5,"8-A," #&*B&*,$ /)%$ '" $-'')7" /" ') $#,*(#*,"9 C
5),#-, /" dx = 150 µm ;<-79=924D>? *% (E)%7"8"%# F*)'-#)#-D $" 5,&/*-# "# -' $" /10"'&55"
*%" &,7)%-$)#-&% 51,-&/-F*" "% D&,8" /" G-7G)7 '" '&%7 /" ') /-,"(#-&% /" ') #,)%$')#-&%?
$"8H')H'" I ("''" ,"5&,#1" "+51,-8"%#)'"8"%# 5), ') <-79=94? 5&*, dx = 80 µm9

































                                           
d                                           e                                          f
dx=0                                         dx=30 µm             dx=60 µm
                   
a                                          b                                          c 
dx=90 µm                                   dx=120 µm                                  dx=150 µm                       
 !"#$% =924 L :,&ﬁ'$ %*81,-F*"$ /"$ $#,*(#*,"$ '&()'-$1"$ /)%$ ') /-,"(#-&% -%/*-#" 5),
') #,)%$')#-&%9 M"$ 5),)8A#,"$ $&%# '"$ $*-0)%#$ . L = −8 cm? nesag = 24? V0 = 13.0 V ?
αIin = 1.0? N = 512 "# )> dx = 0? H> dx = 30? (> dx = 60? /> dx = 90? "> dx = 120 "# D>
dx = 150 µm9
$1$ )* #,)(1 /"$ '-7%"$ /" (E)85 1'"(#,-F*" /" 5),#-" ,1"''" %*''" ;"% H'"*> "# -8)7-%)-,"
%*''" ;"% ,&*7"> 5&*, ') $#,*(#*," )/0"(#1"9 M"$ -%#",$"(#-&%$ /" '-7%"$ ,&*7"$ "# H'"*"$
(&,,"$5&%/"%# )'&,$ 5,1(-$18"%# I /"$ /1D)*#$ #&5'&7-F*"$ /* (E)85 1'"(#,-F*"9 N"$ 5,&ﬁ'$
5&*, '"$ 8O8"$ 0)'"*,$ /" #,)%$')#-&% F*" ("''"$ /" <-79=924 $&%# 5,1$"%#1$ I ') <-79=92P9
 % '6)H$"%(" /" #,)%$')#-&%? ') $#,*(#*," '&()'-$1" %" 5,1$"%#" 5)$ /" $-%7*'),-#1$ /" 5E)$"
;<-79=92P)>9 :&*, dx = 30 µm? ') D)-H'" /1D&,8)#-&% /* 5,&ﬁ' %6"$# 5)$ )$$&(-1" I ') 5,1K
$"%(" /" $-%7*'),-#1 /" 5E)$" ;<-79=92PH>9 C 5),#-, /" dx = 50 µm? &% (&88"%(" I &H$",0",
/"$ (&*5'"$ /" $-%7*'),-#1$ /" 5E)$"9 :&*, dx = 90 µm? "''"$ $&%# 8-$"$ "% 10-/"%(" 5),
/"$ 5&-%#$ ,&*7"$ $*, '" 5,&ﬁ' /" ;<-79=92P/>9 :&*, ("##" 0)'"*, /" #,)%$')#-&%? -' Q ) *%
(&*5'" /" $-%7*'),-#1$ I '6)0)%# /" ') $#,*(#*,"? /"*+ /)%$ ') 5),#-" 5'*$ ("%#,)'" "# "%ﬁ%
/"*+ )*#,"$ (&*5'"$ 5'*$ "% ),,-A,"? /)%$ '" $-'')7"9  % ,"7),/)%# '" 5,&ﬁ' /" <-79=92P"
(&,,"$5&%/)%# I dx = 120 µm? &% &H$",0" F*" ') $#,*(#*," "$# "%(&," 5'*$ /1D&,81"9 M)
5&$-#-&% /"$ $-%7*'),-#1$ /" 5E)$" ) (E)%71 5), ,)55&,# )* ()$ dx = 90 µm9  %ﬁ%? /)%$ '"
()$ /" '6&,7)%-$)#-&% "% G-7G)7? &% (&%$#)#" F*" '6&% ) )*$$- 51,-&/-(-#1 /)%$ ') ,15),#-#-&%





a                                    b                                     c
dx=30 µm
dx=150 µm
d                                     e                                     f
 !"#$% 5624 7 8,&ﬁ'$ %*:1,-;*"$ /<-%#"%$-#1 /"$ $#,*(#*,"$ '&()'-$1"$ =&*, /"$ 0)'"*,$
/" dx (,&-$$)%#"$6  % >'"* ?,"$="(#-0":"%# ,&*@"A $&%# ,"=,1$"%#1$ '"$ (&%#&*,$ /" =),#-"
,1"''" %*''" ?,"$="(#-0":"%# -:)@-%)-,"A /* (B):= 1'"(#,-;*"6 C"$ -%#",$"(#-&%$ "%#," /"$
'-@%"$ ,&*@"$ "# >'"*"$ (&,,"$=&%/"%# D /"$ $-%@*'),-#1$ /" =B)$"6 C"$ =),):E#,"$ $&%# '"$
$*-0)%#$ . L = −8 cmF nesag = 24F V0 = 13.0 V F αIin = 1.0F N = 512 "# )A dx = 0F >A
dx = 30F (A dx = 60F /A dx = 90F "A dx = 120 "# GA dx = 150 µm6
/"$ /1G)*#$ #&=&'&@-;*"$ /* (B):= 1'"(#,-;*"6 H*, I-@65624GF '"$ $-%@*'),-#1$ /" =B)$" $&%#
:-$"$ "% 10-/"%(" $*, *%" '&%@*"*, /<&%/" $=)#-)'" /* :&#-G G&,:16  %#," ') =),#-" B)*#"
"# >)$$" /" '<)''1" /" 0&,#"+F &% &>$",0" *% /1()')@" /<*%" /":- '&%@*"*, /<&%/"6
 !"!# $%& L = −16 cm
8&*, *%" $"(&%/" $1,-" /" =),):E#,"$F ') '&%@*"*, /" =,&=)@)#-&% L "$# ﬁ+1" D −16 cmF
') #)-''" (),)(#1,-$#-;*"
√
2λL "$# )'&,$ /" J53 :-(,&%$6 8&*, nesag = 16F '" (&"ﬃ(-"%# /"
(&%0",$-&% g "$# =,&(B" /" 14 µm.pixel−16 C) #"%$-&% "$# ﬁ+1" D V0 = 12.9 V "# αIin = 1.06
L"$ =,&ﬁ'$ /<-%#"%$-#1 /"$ $#,*(#*,"$ '&()'-$1"$ /)%$ ') /-,"(#-&% -%/*-#" =), ') #,)%$')M
#-&% $&%# /&%%1$ D ') I-@6562J6 N0"( ("$ =),):E#,"$ %*:1,-;*"$F &% ="*# $*-0," '" ,1@-:"
/<)/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ /" 3 D O22 :-(,&%$F (" ;*- (&,,"$=&%/ D 25 0)'"*,$
/" #,)%$')#-&% /-ﬀ1,"%#"$6 L" G)P&% )%)'&@*" D (" ;*- ) 1#1 &>$",01 =&*, '" ()$ L = −8
cmF &% &>$",0" ;*" ') $#,*(#*," $" /1G&,:" )0"( )==),-#-&% /<*%" &* /"*+ &%/"'"##"$ /)%$
$&% $-'')@"6 N =),#-, /" dx = 253 µmF *%" &,@)%-$)#-&% =1,-&/-;*" )==),)Q# '" '&%@ /" ')
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 234
/-,"(#-&% -%/*-#" 5), ') #,)%$')#-&% 6)-$ ("##" 7&-$8(-9 -' $:);-# /:*%" &,;)%-$)#-&% "% (&''-",





























a                                 b                                  c
d                                  e                                  f 
dx=0 µm                                       dx=56 µm                                     dx=112 µm         
dx=169 µm                                   dx=211 µm                                     dx=253µm
x (microns)
-750    -250    0   250      750
 !"#$% ?>24 B C,&ﬁ'$ %*61,-D*"$ /"$ $#,*(#*,"$ '&()'-$1"$ /)%$ ') /-,"(#-&% -%/*-#" 5),
') #,)%$')#-&%> E"$ 5),)6F#,"$ $&%# '"$ $*-0)%#$ . L = −16 cm9 nesag = 169 V0 = 12.9 V 9
αIin = 1.29 N = 512 "# )@ dx = 09 G@ dx = 429 (@ dx = 849 /@ dx = 2109 "@ dx = 168 "# 7@
dx = 210 µm>
#,)(1 /"$ '-;%"$ /" (H)65 1'"(#,-D*" /" 5),#-" ,1"''" "# -6);-%)-," %*''"$ <"% G'"* "# "%
,&*;" ,"$5"(#-0"6"%#@ 5&*, ') $#,*(#*," )/0"(#1"> E:10&'*#-&% "$# D*)'-#)#-0"6"%# ') 6I6"
D*" 5&*, /"$ $#,*(#*,"$ 5'*$ 5"#-#"$> E"$ $#,*(#*,"$ "% (&''-", 5,1$"%#"%# /" %&6G,"*$"$
$-%;*'),-#1$ /" 5H)$"$9 6-$"$ "% 10-/"%(" $*, =-;>?>2?7 5&*, *%" 51,-&/" /* 6&#-7>
 % J&*)%# $*, '" 5),)6F#," nesag9 "% ,"$#)%# /)%$ '" ()$ L = −16 cm9 -' "$# 5&$$-G'"
/:)0&-, )((F$ K /:)*#,"$ 0)'"*,$ /" #,)%$')#-&% 5&*, '"$D*"''"$ 5"*0"%# I#," &G$",01"$ '"$
$#,*(#*,"$ "% L-;L);> C&*, 5,"%)%# nesag = 289 '" (&"ﬃ(-"%# /" (&%0",$-&% "$# /" γ ≈ 17.4
µm/pixel> C&*, /"$ #,)%$')#-&%$ dx -%#,&/*-#"$ 1;)'"$ K NN2 "# N4O µm9 ("$ 0)'"*,$ $" $-8
#*)%# )0)%# ':)55),-#-&% /" ':&,;)%-$)#-&% "% (&''-",9 -' $" 7&,6" /"$ &,;)%-$)#-&%$ "% L-;L);
<=-;>?>2O) "# G@> P"$ 5,&ﬁ'$ "+51,-6"%#)*+ $"6G')G'"$ $&%# 5,1$"%#1$ K ') =-;>?>2O( "# /9
5&*, *%" '&%;*"*, /" 5,&5);)#-&% '-G," L = −8 cm>
 ! "#$#% &'(% )# *+&&'%'+,% ),#-) &)% %#-.*#.-)% &+*$&'%()%
E"$ $#,*(#*,"$ '&()'-$1"$ 5"*0"%# 7&,6", "%#," "''"$ /"$ 1#)#$ '-1$9 5), ':-%#",61/-)-," /"$
&$(-'')#-&%$ 5,1$"%#"$ /)%$ '"*, 5,&ﬁ' #,)%$0",$" Q?RS> E&,$D*" /"*+ $#,*(#*,"$ $" #,&*0"%#
/)%$ *% #,F$ 5,&(H" 0&-$-%);" ':*%" /" ':)*#,"9 -' "$# 5&$$-G'" D*:"''"$ 7*$-&%%"%#9 K /17)*#
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a                                      b                                      c
d                                      e                                      f
dx =0 µm                                           dx=56 µm                                          dx=112 µm           
dx =169 µm                                          dx=211 µm                                        dx=253 µm           
 !"#$% 4524 6 7,&ﬁ'$ %*91,-:*"$ /;-%#"%$-#1 /"$ $#,*(#*,"$ '&()'-$1"$ <&*, /"$ 0)'"*,$
/" dx (,&-$$)%#"$5  % ='"* >,"$<"(#-0"9"%# ,&*?"@ $&%# ,"<,1$"%#1$ '"$ (&%#&*,$ /" <),#-"
,1"''" %*''" >,"$<"(#-0"9"%# -9)?-%)-,"@ /* (A)9< 1'"(#,-:*"5 B"$ -%#",$"(#-&%$ "%#," /"$
'-?%"$ ,&*?"$ "# ='"*"$ (&,,"$<&%/"%# C /"$ $-%?*'),-#1$ /" <A)$"5 B"$ <),)9D#,"$ $&%# '"$
$*-0)%#$ . L = −16 cmE nesag = 16E V0 = 12.9 V E αIin = 1.2E N = 512 "# )@ dx = 0E =@
dx = 112E (@ dx = 169 "# /@ dx = 211 µm5
/" F&,9", *% 1#)# '-1 $#)='"5 G)%$ (" <),)?,)<A"E %&*$ )''&%$ 9&%#,", :*;-' "+-$#" /"$ $-%H
?*'),-#1$ /" <A)$" /)%$ '"$ ,1?-&%$ /" ';"$<)(" &I /"*+ $#,*(#*,"$ '&()'-$1"$ $" $*<",<&$"%#5
J-?5452K 9&%#," *%" $1:*"%(" #"9<&,"''" /;-9)?"$ "+<1,-9"%#)'"$E &I <),#)%# /;*%" /-$H
#)%(" -%-#-)'" "%#," /"*+ $#,*(#*,"$E ("''"$H(- $" ,)<<,&(A"%# L*$:*;C F*$-&%%", "% *%" $"*'"
$#,*(#*,"5 M% <"*# 0&-, /"$ /-$'&()#-&%$ /" F,)%?"$ /)%$ '"$ 1#)#$ -%#",91/-)-,"$ &I '"$
$#,*(#*,"$ $" ,)<<,&(A"%#5
N*91,-:*"9"%#E '" 9O9" <A1%&9D%" <"*# O#," &=$",01E <),#)%# /;*%" $-#*)#-&% &I '"$
/"*+ -9<*'$-&%$ -%-#-)'"$ *#-'-$1"$ <&*, ?1%1,", '"$ $#,*(#*,"$ '&()'-$1"$ $&%# ,"')#-0"9"%#
<,&(A"$5 J-?5452P 9&%#," '" ()$ &I '"$ /"*+ -9<*'$-&%$ -%-#-)'"$ $&%# /-$#)%#"$ /;"%0-,&%
4Q3 µm :*)%/ ') #)-''" (),)(#1,-$#-:*"
√
2λL "$# /" R43 µm5 S&99" /)%$ ';"+<1,-"%("E '"$
$#,*(#*,"$ '&()'-$1"$ $" ,)<<,&(A"%# >J-?5452P=H"@ L*$:*;C TF*$-&%%",T >J-?5452PF@ )0"( /)%$
'" #,)%$-#&-," "%#," ';1#)# -%-#-)' "# ') F*$-&%E /"$ 1#)#$ -%#",91/-)-,"$E :*" ';&% <"*# :*)'-ﬁ",
/;1#)#$ '-1$5 U<,D$ F*$-&%E -' %" ,"$#" :*;*%" $#,*(#*," '&()'-$1" )* ("%#," /;)=&,/ *% <"*
&0)'"E 1#-,1" /)%$ ') /-,"(#-&% <",<"%/-(*')-," )* /1<')("9"%# /"$ $#,*(#*,"$ >J-?5452P?@
<*-$ ') $V91#,-" (-,(*')-," "$# ,1#)='-" >J-?5452PA@5 W*, '"$ J-?5452P( "# /E &% &=$",0" /)%$
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a                                                                    b
c                                                                     d
 !"#$% 5624 7 8,&ﬁ'$ %*:1,-;*"$ /<-%#"%$-#1 ="% %1>)#-?@ )0"( :-$" "% 10-/"%(" /" $-%>*')A
,-#1$ /" BC)$"6  % D'"* =,"$B"(#-0":"%# ,&*>"@ $&%# ,"B,1$"%#1$ '"$ (&%#&*,$ /" B),#-" ,1"''"
%*''" =,"$B"(#-0":"%# -:)>-%)-,"@ /* (C):B 1'"(#,-;*"6 E"$ -%#",$"(#-&%$ "%#," /"$ '->%"$
,&*>"$ "# D'"*"$ (&,,"$B&%/"%# F /"$ $-%>*'),-#1$ /" BC)$"6 E"$ B),):G#,"$ %*:1,-;*"$
$&%# . L = 16H nesag = 28H )@ dx = 221 µm "# D @ dx = 246 µm I (@ B,&ﬁ' "+B1,-:"%#)'
:&%#,)%# /"$ J->J)>$ $":D')D'"$ F ("*+ /* B,&ﬁ' %*:1,-;*" )@ "# B&*, /@ $":D')D'"$ F
("*+ /* B,&ﬁ' %*:1,-;*" D@6
') ,1>-&% &K '"$ /"*+ $#,*(#*,"$ $" ,"(&*0,"%#H /"$ B),#-"$ B'*$ -%#"%$"$ )L)%# *%" #)-''"
(),)(#1,-$#-;*" -%?1,-"*," F ') #)-''" /"$ $#,*(#*,"$ "% '<)D$"%(" /" #,)%$')#-&%6 M"##" $-#*)A
#-&% ,)BB"''" (" ;*" '<&% B"*# &D$",0", /)%$ '"$ &,>)%-$)#-&%$ B1,-&/-;*"$ /" #LB" J->J)>
&* (&''-",6 N" B'*$H "% (&:B),)%# '" B,&ﬁ' "+B1,-:"%#)' O->6562P/ )0"( '" B,&ﬁ' %*:1,-;*"
O->6562Q?H &% (&%$#)#" *% D&% )((&,/H )0"( *%" $#,*(#*," ("%#,)'" "%#&*,1" /" R S'&D"$SH
'<-%#"%$-#1 1#)%# *% B"* B'*$ -:B&,#)%#" /)%$ ') /-,"(#-&% B),)''G'" )* /1B')(":"%#6
8&*, :"##," "% 10-/"%(" '<"+-$#"%(" /" $-%>*'),-#1$ /" BC)$" /)%$ '"$ ,1>-&%$ &K '"$ $#,*(A
#*,"$ '&()'-$1"$ $" ,"(&*0,"%#H %&*$ )0&%$ ,"B,1$"%#1 '"$ (&%#&*,$ /" B),#-" ,1"''" "# -:)>-A
%)-," %*''" $*, T B,&ﬁ'$ (&,,"$B&%/)%# F T /-$#)%("$ /-ﬀ1,"%#"$ "%#," $#,*(#*,"$ =O->6562U@6
V*, O->6562U) "# DH '"$ $#,*(#*,"$ $&%# /)%$ ') BC)$" &K "''"$ $" ,)BB,&(C"%#6 W% (&%$#)#"
;*" ') B&$-#-&% "# '" %&:D," /"$ $-%>*'),-#1$ /" BC)$" /1B"%/ /" ') /-$#)%(" "%#," $#,*(A
#*,"$6 O->6562U( :&%#," *% B,&ﬁ' X*$#" )B,G$ ') ?*$-&% /"$ /"*+ $#,*(#*,"$ '&()'-$1"$6 W%
&D$",0" "%(&," ') B,1$"%(" /" $-%>*'),-#1$ /" BC)$"6  % )##"%/)%# /)0)%#)>"H ') $#,*(#*,"
 ﬀ"#$ %&% '&()*+ #,)%$')#-&%%"'$ . )/0"(#-&% /"$ $#,*(#*,"$ '&()'-$1"$ 234
a                                                      b
c                                                     d
e                                                    f
 !"#$% 5624 7 819*"%(" #":;&,"''" /<-:)="$ "+;1,-:"%#)'"$ :&%#,)%# /"*+ $#,*(#*,"$
'&()'-$1"$ ;,&(>"$ '<*%" /" '<)*#," "# 9*- ﬁ%-$$"%# ;), @*$-&%%",6 A<-%#",0)''" /" #":;$ "%#,"
/"*+ -:)="$ "$# /" 362B s6 A) ;,1$"%(" /" /-$'&()#-&%$ /" @,)%="$ -%/-9*" ') ;,1$"%(" /"
$-%=*'),-#1$ /" ;>)$"6  ''"$ $&%# :-$"$ "% 10-/"%(" $*, CD ;), '" #,)(1 /"$ '-=%"$ /<-%#"%$-#1
:)+-:)'" '" '&%= /" ') /-,"(#-&% /"$ @,)%="$6
,"#,&*0" $) $E:1#,-" (-,(*')-," "# %" ;,1$"%#" )'&,$ ;'*$ /" $-%=*'),-#1 /" ;>)$"6
 !" #$%&'$%( )*+)&$(,*+(
F"##" 1#*/" $*, ') #,)%$')#-&% /"$ $#,*(#*,"$ '&()'-$1"$ :&%#," '<"+-$#"%(" /<*% ,1=-:" &G '"$
$#,*(#*,"$ $&%# #,)%$;&,#1"$ /)%$ ') /-,"(#-&% -%/*-#" ;), ') #,)%$')#-&%6 F"##" )/0"(#-&%
"%#,)H%" *%" /1@&,:)#-&% /" '"*, ;,&ﬁ' "# "$# )$$&(-1" I '<);;),-#-&% /" $-%=*'),-#1$ /"
;>)$"6 J*K/"'I /<*%" (",#)-%" 0)'"*, $"*-' /" #,)%$')#-&%L *% )*#," ,1=-:" "$# )##"-%# )0"(
/"$ &,=)%-$)#-&%$ /1$-=%1"$ $&*$ '"$ #",:"$ /" (&''-", &* /" M-=M)=6  % ;),#-(*'-",L ("$
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a                                 b                                 c                                d
e                                 f                                 g                                h
 !"#$% 5624 7 819*"%(" #":;&,"''" /<-:)="$ %*:1,-9*"$ :&%#,)%# /"*+ $#,*(#*,"$ '&()'->
$1"$ $" ,);;,&(?)%# '<*%" /" '<)*#," "# 9*- ﬁ%-$$"%# ;), A*$-&%%",6 B"$ /-ﬀ1,"%#$ ;,&ﬁ'$ $&%#
$1;),1$ ;), C ;)$ /<-%#1=,)#-&% %*:1,-9*" /* :&/D'"6
a                                     b                                     c 
 !"#$% 562E 7 819*"%(" #":;&,"''" /" ;,&ﬁ'$ %*:1,-9*"$ /<-%#"%$-#1 /" /"*+ $#,*(#*,"$
'&()'-$1"$ )0"( )F "# GF '" ,1=-:" &H "''" $" ,);;,&(?)%# '<*%" /" '<)*#," I (F $-#*)#-&% J*$#"
);,D$ A*$-&%6  % G'"* K,"$;"(#-0":"%# ,&*="F $&%# ,";,1$"%#1$ '"$ (&%#&*,$ /" ') ;),#-" ,1"''"
%*''" K,"$;"(#-0":"%# -:)=-%)-,"F /* (?):; 1'"(#,-9*"6 B"$ -%#",$"(#-&%$ "%#," /"$ '-=%"$
,&*="$ "# G'"*"$ (&,,"$;&%/"%# L /"$ $-%=*'),-#1$ /" ;?)$"6
&,=)%-$)#-&%$ "% M-=M)= ;"*0"%# ,);;;"'", '"$ )''1"$ /" 0&% NO,:O%P /"$ $-%=*'),-#1$ /"
;?)$" 1#)%# /-$#,-G*1"$ /" ;),# "# /<)*#," /" ') /-,"(#-&% /" ') #,)%$')#-&%6  %ﬁ%P *%"
1#*/" /* ,1=-:" ;&*, '"9*"' /"*+ $#,*(#*,"$ $" #,&*0"%# L /" (&*,#"$ /-$#)%("$ '<*%" /"
'<)*#," "# $" ,);;,&(?"%# '<*%" /" '<)*#,"P &% ;"*# &G$",0", /)%$ ') ,1=-&% /" ,"(&*0,":"%#P
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/"$ $-%5*'),-#1$ /" 67)$"$ 8)-$ )*$$- /"$ 6),#-"$ -%#"%$"$ /" #)-''" -%91,-"*," : ') #)-''"
%)#*,"''" /"$ $#,*(#*,"$; (&88" ("''"$ &<$",01"$ /)%$ '"$ &,5)%-$)#-&%$ 61,-&/-=*"$>
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 !"#$%&' (
)*%&+",%$+- +#%$./' -+- 0+,"0' 1 +23'&4"%$+-
5' 6+%$73 3#$&"0*3 '% #!800+%"9$'
 !"# $%&'()*+&",& -& $! .!$.& /(0+12& 3 ,*+#0!2' $+12+-&#4 -+ﬀ)*&"0&# )02-&# #2* $&# &ﬀ&0#
-%2"& *)0*/!,0+/" /(0+12& !.&, */0!0+/" /"0 -)63 )0) 7&")&#8 9/20 -%!:/*-4 (!*0!"0 -%2"
,!# :+#0!:$& !.&, L = 04 $%!6/20 -& */0!0+/" -!"# $! :/2,$& -& *)0*/!,0+/" ,/"-2+0 3 $%!((!;
*+0+/" -& 7/0+<# #(+*!$)# =>?>@4 $& "/7:*& -& :*!# -& #(+*!$&# -)(&"-!"0 -& $%!"A$& φ = 2π
N
+"0*/-2+08  !"# ,& ,!# /B N &#0 2" &"0+&*4 $&# #0*2,02*&# /:#&*.)&# #/"0 #0!0+/""!+*&# (*C#
-2 #&2+$ -& :+#0!:+$+0)8 D&(&"-!"0 $/*#12& $%/" !2A7&"0& $%+"0&"#+0) $27+"&2#& /2 :+&" $!
0&"#+/" V04 &$$&# (&2.&"0 #2:+* -&# +"#0!:+$+0)# #&,/"-!+*&#4 -&# */0!0+/"# $&"0&# &0 -&# :*+;
#2*&# &" (&0+0# -/7!+"&#8 E" *)A+7& -& ,F!/# #(!0+/;0&7(/*&$ (&20 !2##+ G0*& !00&+"0 =>?H@8
I+ $! $/"A2&2* -& (*/(!A!0+/" "%&#0 (!# "2$$&4 -&# #0*2,02*&# $/,!$+#)&# /2 -&# 7/0+<# F&'!;




&#0 +"-2+0& #2* 2" 7/0+< F&'!A/"!$4 /" (&20 /:#&*.&* -&# ,*+#0!2'
&0 -&# 12!#+;,*+#0!2' !.&, -+ﬀ)*&"0&# #J7)0*+&# =KL@8  & ($2#4 -!"# $& ,!# N = 4 &0 N = 64
-&# #2(&*;*)#&!2' (&2.&"0 G0*& /:#&*.)#4 ,&# -&2' .!$&2*# -& M )0!"0 ,/7(!0+:$&# !.&, $!
*)!$+#!0+/" -& ,/2($!A&# 12!-*!0+12&# &"0*& .&,0&2*# -%/"-& &0 !.&, $! #J7)0*+& -%/*-*& N
&0 O (*)-+0&# (/2* $&# #2(&* *)#&!2' =>?K@8 P" &ﬀ&0 -!"# ,&00& #+02!0+/"4 +$ (&20 J !./+* 2"
(F)"/7C"& -& .&*/2+$$!A& -& $! (F!#& !.&, ,/7:+"!+#/"# -& .&,0&2*# -%/"-& -& $/"A2&2*
&0 -%/*+&"0!0+/" -+ﬀ)*&"0&#4 !.&, (/2* ,/"#)12&",& $%!((!*+0+/" -& *)#&!2' -& A)/7)0*+&#
($2# /2 7/+"# ,/7($&'&#4 </*7)# -& (+,# -%+"0&"#+0) -+ﬀ)*&"0&8 Q$ (&20 )A!$&7&"0 &'+#0&*
2" (F)"/7C"& -& <*2#0*!0+/" A)/7)0*+12& 12!"- $! A)/7)0*+& +7(/#)& !2 #J#0C7& "%&#0
(!# ,/7(!0+:$& !.&, #! A)/7)0*+& +"0*+"#C12& =>?N@8 D%&#0 $& ,!# (!* &'&7($& 12!"- N &#0
+7(!+* &0 -+ﬀ)*&"0 -& N = 3 12+ &#0 $! A)/7)0*+& R"!02*&$$&R -2 #J#0C7&4 ,&$$& 12+ )7&*A&
-& $%+"#0!:+$+0) 7/-2$!0+/""&$$&8
S!+"0&"!"04 #+ 3 $! ($!,& -& (!*0+* -%2" )0!0 F&'!A/"!$4 /" #& ($!,& -!"# $! #+02!0+/" :+#;
0!:$& (/2* $!12&$$& $&# #0*2,02*&# $/,!$+#)&# &'+#0&"0 &0 #+ $%/" +"0*/-2+0 2" !"A$& -& */0!0+/"
>>>
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
φ &$33,(0+#%/-, : 2π 0$'" φ = 2π
N
; &,--,0<&' 0=$#>%('0,(" 0+# 2,0 &,#&-,0 $? ,--,0 2,3,+#,("
'33$/'-,0 @8ABCD E( >!(!#%-; -, ($3/#, 2, 0"#+&"+#,0 0+# +( &,#&-, ,0" +( 3+-"')-, 2, N D F'
+( ),"'" !&%#" δφ )%# #%))$#" %+ &%0 &$33,(0+#%/-, ,0" '("#$2+'"; -,0 0"#+&"+#,0 0, 3,"",("
: "$+#(,#; -, 0,(0 2, #$"%"'$( 2!),(2%(" 2+ 0'>(, 2, δφD
F' ,( )-+0 2, -% #$"%"'$(; $( %G$+", +( ),"'" ,ﬀ," 2, "#%(0-%"'$(; -,0 "#%G,&"$'#,0 &'#&+-%'#,0
),+1,(" 0=$+1#'# 2$((%(" -',+ : 2,0 "#%G,&"$'#,0 0)'#%-!,0D I$+0 %--$(0 1$'# 2%(0 -% 0+'",
*+, &,"", &$(ﬁ>+#%"'$( ,7)!#'3,("%-, ),#3," 2, >!(!#,# 2,0 $#>%('0%"'$(0 0,3/-%/-,0 :
&,--, )#!0,(",0 2%(0 -% &#$'00%(&, 2,0 1!>!"%+7 $+ )56--$"%7', K!"63$-$>'*+,3,("  !! "#$%
&$"' ($) *$+,--$)LD I$+0 1,##$(0 *+, 2'1,#0 060"M3,0 )560'*+,0 ),#3,"",(" 2, #,)#$2+'#,
2,0 3$2,0 2=%+"$<$#>%('0%"'$( $/0,#1%/-,0 &5,N -,0 )-%(",0; 2=$? -,+# &%#%&"M#, +('1,#0,-D
O,0 #!0+-"%"0 >!$3!"#'*+,0 $/",(+0 %1,& +( )#$>#%33, '"!#%"'4 0'3)-, 0,#1'#% 2=%'2, : -%
&$3)#!5,(0'$( 2, -% 4$#3%"'$( 2,0 3$"'40 2%(0 ($"#, 060"M3, $)"'*+,D I$+0 )#!0,(",#$(0
,(0+'", -,0 2'ﬀ!#,("0 #!0+-"%"0 ,7)!#'3,("%+7 2, 3$"'40 $/",(+0 ,( 4$(&"'$( ($"%33,(" 2,
-% #$"%"'$( '("#$2+'", ," 2=%+"#,0 )%#%3M"#,0D
 !" #$%&'()*%+'$ , -. /01--'%.2+3
 !"!" #$% &'ﬀ)*$+,% -.&$% &$ /*.'%%0+/$
P% )56--$"%7', 2!&#'" -% 4%Q$( 2$(" -,0 !-!3,("0 2=+(, )-%(",; 2=+(, ﬂ,+# $+ 2=+( %#/#,
&#$'00,("D S- 0=%>'" 2=+( )#$&,00+0 '"!#%"'4D E( ,ﬀ,"; %+ &$+#0 2, -% &#$'00%(&,; +( !-!3,("
&$(0"'"+"'4 2+ 1!>!"%-; +(, 4,+'--, $+ +( /$+#>,$( )%# ,7,3)-,; ,0" #,)#$2+'" ,( 2'ﬀ!#,("0
,3)-%&,3,("0 ," %1,& +(, &,#"%'(, )!#'$2'&'"!D S- ,7'0", 2, ($3/#,+7 3$2,0 2, &#$'00%(&,
)$+# -,0 )-%(",0 *+, -=$( ),+" &-%00,# ,( 2,+7 >#%(2,0 &%"!>$#',0 . -,0 3$2,0 0)'#%-!0 ,"
-,0 3$2,0 1,#"'&'--!0D P% 2'ﬀ!#,(&, ,00,("',--, ,("#, -,0 2,+7 ,0" -, ($3/#, 2=!-!3,("0 )%#
0'",; %)),-! ($,+2D P=%(>-, φ ,("#, 2,+7 !-!3,("0 %))%#+0 2, 4%Q$( &$(0!&+"'1,; ,0" %)),-!
2'1,#>,(&, ," 0,#% ($"! φD T%#3' -,0 3$2,0 $/0,#1%/-,0 2%(0 -% (%"+#,; -,0 )-+0 #,3%#<
*+%/-,0 0$(" 0%(0 2$+", &,+7 *+, -=$( ),+" 1$'# 2%(0 -, &U+# 2,0 "$+#(,0$-0 $+ 0+# -,0
)$33,0 2, )'( &$33, '--+0"#! )%# V'>DWD8%D O%(0 &," ,7,3)-,; $( ),+" 1$'# *+, -,0 !&%'--,0
0=$#>%('0,(" ,( X 0)'#%-,0 "$+#(%(" 2%(0 -, 0,(0 "#'>$($3!"#'*+, ," ,( 8Y 0)'#%-,0 2%(0 -,
0,(0 $))$0!D Z, *+='- 6 % 2, "#M0 )%#"'&+-',# 2%(0 &,0 3$"'40 0)'#%-!0; &=,0" *+, -,0 ($3/#,0
2, 0)'#%-,0 (i, j) 2%(0 &5%*+, G,+7 0$(" 2,0 ",#3,0 &$(0!&+"'40 2, -% 0!#', 2, V'/$(%&&'
(1, 1, 2, 3, 5, 8, 13, 21, 34...)D O, )-+0; -% 2'1,#>,(&, φ : -%*+,--, '-0 0$(" %00$&'!0 ,0" #,-'!, %+





&$33, φ = 360
◦
τor+1
D [(, %+"#, '--+0"#%"'$( 3$("#%(" 2,0 0)'#%-,0
&5,N +(, )-%(", 0%+1%>, ,0" 2$((!, )%# V'>DWD8/ "%(2'0 *+, V'>DWD8& 3$("#, 2,0 3$2,0
1,#"'&'--!0 &5,N -% )-%(", E+)5$#/'% 5,-'$0&$)'%; %1,& -% )#!0,(&, 2, B $+ Y !-!3,("0 )%#
($,+2; &,0 2,+7 ($3/#,0 %))%#%'00%(" 2%(0 -% 0!#', 2, V'/$(%&&'D
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
:$+# 0&5!3%"'0,# -% &#$'00%(&, 2;+(, )-%(", %1,& %))%#'"'$( 2, 4,+'--,0 -, -$(< 2;+(, "'<,=
a                                             b                                             c
 !"#$% >?8 @ A7,3)-,0 2, 3$2, 2;%+"$B$#<%('0%"'$( &5,C 2'1,#0 1!<!"%+7 %1,& %D -% )$33,
2, )'(= /D )-%(", 0%+1%<, )#!0,("%(" 2,0 0)'#%-,0 ," &D 0"#+&"+#%"'$( E F ," 9 !-!3,("0 )%#
($,+20 &5,C A+)5$#/'% 5,-'$0&$)'%?
$( ),+" +"'-'0,# 2,+7 3$2,0 2, #,)#!0,("%"'$(? G, )#,3',# 3$("#, -% "'<, 3%"!#'%-'0!, )%#
+( &6-'(2#, %1,& -,0 4,+'--,0 *+' 0;'(0H#,(" -, -$(< 2, &,--,B&'? I(, '--+0"#%"'$( ,0" 2$((!, E -%




       spiralé (i,j)
  proche de l’angle d’or
c
 !"#$% >?K @ N&5!3%0 #,)#!0,("%(" 2,0 4,+'--,0 &#$'00%(" 2%(0 +( 3$2, 0)'#%-! -, -$(<
2;+(, "'<, %1,& %D φ = 180◦? O,0 #,)#!0,("%"'$(0 ,( 1+, 2+ 2,00+0 0$(" 2$((!,0 )$+# /D
φ = 180◦ ," &D φ = φor?
+(, 1+, 2+ 2,00+0 &$33, '--+0"#! )%# J'<?>?K/ )$+# φ = 180◦ ," )%# J'<?>?K& )$+# φ = φor?





 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
décussé ou verticillé (2,2)
               !=90 °
verticillé (3,3)
     !=120 °
                 bijugué 2(i,j)
! proche de la motié de l’angle d’or
a                                           b                                             c
 !"#$% :;< = >&5!3%0 2?%+"#,0 3$2,0 2, &#$'00%(&, $/0,#1!0 ,( /$"%('*+, %1,& %@ -,
3$2, 2!&+00! $+ 1,#"'&'--! (i, j) = (2, 2)A /@ -, 3$2, "#'&+00! $+ 1,#"'&'--! B<A<@ ," &@ -,
3$2, /'C+D+! 2(i, j);
E, &%0 p = 1 &$##,0)$(2 F -?%(D-, 2?$# "%(2'0 *+, -,0 &%0 p = 2 ," < &$##,0)$(2,(" F
2?%+"#,0 3$2,0 0)'#%-!0 )%#4$'0 2!0'D(!0 0$+0 -,0 ",#3,0 2, 0,&$(2, ," "#$'0'G3, )56--$H
"%7',; I- 0$(" %00$&'!0 F 2?%+"#,0 0+'",0 )$+# -,0 ($3/#,0 2, 0)'#%-,0 . -% 0!#', 2, E+&%0
(1, 3, 4, 7, 11, 18, 29...) %1,& φ ≈ 99.5◦ ," -% 0!#', (1, 4, 5, 9, 14, 23, 37) %1,& φ ≈ 78◦;
J$33, 3,("'$((! )#!&!2,33,("A ,( 2,5$#0 2,0 3$2,0 0)'#%-!0A -?%+"#, &%"!D$#', 2, 3$2,0
2, &#$'00%(&, 0$(" -,0 3$2,0 1,#"'&'--!0A )$+# -,0*+,-0 '- 6 % )-+0',+#0 !-!3,("0 )%# ($,+2;
J,0 3$2,0 ),+1,(" %+00' K"#, 2!&#'"0 )%# 2,+7 C,+7 2, 0)'#%-,0 (i, j) %1,& i = j; E, &%0
i = 2 &$##,0)$(2 %+ 3$2, 2!&+00! %1,& 2,+7 !-!3,("0 )%# ($,+2 ," φ = 90◦ BL'D;:;<%@;
L'D;:;</ 3$("#, )$+# i = 3A -, &%0 2+ 3$2, "#'&+00! %00$&'! F φ = 120◦A %1,& "#$'0 !-!3,("0
)%# ($,+2; M(ﬁ(A L'D;:;<& #,)#!0,(", -, 3$2, /'C+D+! *+' ,0" +( 3$2, 0)'#%-! %1,& 2,+7
!-!3,("0 )%# ($,+2 ," )$+# -,*+,- -% 2'1,#D,(&, ,0" !D%-, F -% 3$'"'! 2, -?%(D-, 2?$#;
E?!3,#D,(&, 2, &,0 0"#+&"+#,0 #!D+-'G#,0 (, ),+" )%0 K"#, -, 4#+'" 2+ 5%0%#2; J,),(2%("A
'- (?,7'0", )%0 F &, C$+# 2?,7)-'&%"'$(0 &,#"%'(,0 2, -,+# $#'D'(,A 3%'0 0,+-,3,(" 2'ﬀ!#,(",0
%))#$&5,0 $+ 3$2G-,0 ,( %&&$#2 %1,& -?%))%#'"'$( 2, ",-0 3$"'40; P!%(3$'(0A -, 0&!(%#'$
-, )-+0 )#$/%/-, %1%(&! )$+# -% &#$'00%(&, 4%'" !"%" 2?+(, #!D'$( 2, "'00+0 /'$-$D'*+,0 ,(
4$#3, 2?%),7 4$#3%(" +(, Q$(, 2, &#$'00%(&, $R $(" -',+ -,0 2'1'0'$(0 &,--+-%'#,0; S,0 !-!H
3,("0 '(2'ﬀ!#,(&'!0 %)),-!0 )#'3$#2'%0 !1$-+,(" ,(0+'", ,( 2'ﬀ!#,("0 !-!3,("0 /$"%('*+,0
B4,+'--,0A )!"%-,0A /#%(&5,0 ,"&;;;@ )$+# K"#, ,(0+'", %21,&"!0 #%2'%-,3,(" F )%#"'# 2, -?%),7
%+ &$+#0 2, -% &#$'00%(&, 2+ 1!D!"%-;
 !"!# $%&' ()*+,%)-.& &+ /)ﬀ1%&2+&* 344%,5(&*
I- ,7'0", 2'ﬀ!#,(",0 %))#$&5,0 )$+# ,7)-'*+,# -?$#D%('0%"'$( 2,0 !-!3,("0 /$"%('*+,0 %+
&$+#0 2, -,+# &#$'00%(&,; P$+0 %--$(0 #!0+3,# &,0 "#$'0 %))#$&5,0 )#!0,("!,0 2%(0 T8UVW;
M--,0 0, 0'"+,(" F "#$'0 ('1,%+7 2?$/0,#1%"'$( 2'ﬀ!#,("0 ," 0$(" &$3)-!3,("%'#,0; I- 0?%D'"
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
2,0 %))#$&5,0 :!$3!"#'*+,; 26(%3'*+, ," )560'$-$:'*+,<
=>%))#$&5, :!$3!"#'*+, 0>%))+', 0+# -,0 "#%1%+7 2,0 4#?#,0 @#%1%'0 *+' +"'-'0,(" -% 3A3,
#,)#!0,("%"'$( ,( #!0,%+7 4%'"0 2, 3%'--,0 0+# +( &6-'(2#, *+, &,--, '("#$2+'", ,( &#'0"%-B
-$:#%)5',; -,0 ($,+20 &$##,0)$(2%(" )%# ,7,3)-, %+7 0'",0 2>%))%#'"'$( 2, 4,+'--,0 -, -$(:
2>+(, "':,< =,+#0 "#%1%+7 0$(" -,0 )#,3',#0 C 3$("#,# ,( 8DEF *+, 0' -% 2'1,#:,(&, ,("#,
2,+7 )#'3$#2'%0 0+&&,00'40 ,0" !:%-, C ->%(:-, 2>$#; %-$#0 -, ($3/#, 2, 0)'#%-,0 2%(0 &5%*+,
G,+7 0$(" 2,0 ",#3,0 &$(0!&+"'40 2, -% 0+'", 2, H'/$(%&&'< I%( J",#0$( % #!%-'0! ,( 8KLE +(,
&%#%&"!#'0%"'$( 060"!3%"'*+, 2,0 2'ﬀ!#,("0 3$"'40 )56--$"%&"'*+,0 $/",(+0 )%# )%1%:, 2>+(,
0+#4%&, %1,& 2,0 2'0*+,0 '2,("'*+,0 0+# +( &6-'(2#,< N( '("#$2+'0%(" +( )%#%3?"#, b &%#%&B
"!#'0%(" -% &$3)%&'"! 2+ 060"?3, ," 2!ﬁ(' &$33, -, #%))$#" ,("#, -% "%'--, 2,0 !-!3,("0 ,"
-, )!#'3?"#, 2+ &6-'(2#,; '- % )+ &$(0"#+'#, +( 2'%:#%33, #,)#!0,("%(" -% 2'1,#:,(&, φ ,(
4$(&"'$( 2+ )%#%3?"#, b< P,-+'B&' )#!0,(", +(, 0"#+&"+#, ,( %#/#, "#?0 &$3)-,7,; -, ($3/#,
2, )$00'/'-'"!0 )$+# -% 2'1,#:,(&, φ %+:3,("%(" *+%(2 -, )%#%3?"#, b 2'3'(+,<
=,0 2'ﬀ!#,(",0 %))#$&5,0 26(%3'*+,0 0$(" 4$(2!,0 0+# +( )#'(&'), 2, 3'('3'0%"'$( 2>!(,#B
:', ," -, ($+1,- !-!3,(" *+' %))%#%Q" %+ &$+#0 2+ )#$&,00+0 '"!#%"'4 0,#% )-%&! %+ 0'",
0%"'04%'0%(" &,"", &$(2'"'$(< N( 0+'1%(" &,"", '2!,; R$43,'0",# % &$(0"#+'" +( 3$2?-, 26(%B
3'*+, )$+# +( 060"?3, %7'063!"#'*+,; 0+# -,*+,- -,0 ($+1,%+7 )#'3$#2'%0 0, 4$#3,(" C -%
)!#')5!#', 2, ->%),7; C -% )$0'"'$( *+' 3'('3'0, ->!(,#:',< S &%+0, 2, -% &#$'00%(&,; '-0 0$("
%21,&"!0 2+ &,("#, %1,& +(, 1'",00, #%2'%-, v(r)< =>!-!3,(" &-! 2, 0$( 3$2?-, ,0" ->,7'0",(&,
2>+(, )!#'$2, T ,("#, ->%))%#'"'$( 2, 2,+7 !-!3,("0 &$(0!&+"'40< T, )-+0; ,( 2,5$#0 2>+(,
#!:'$( 2, #%6$( R0; '- (>6 % )%0 #!$#:%('0%"'$( %3,(%(" 2, ($+1,%+7 &5%(:,3,("0< =,0
0'3+-%"'$(0 (+3!#'*+,0 /%0!,0 0+# &, 3$2?-, &$(2+'0,(" ,00,("',--,3,(" C 2,0 #!:'3,0 0"%B
"'$((%'#,0< P$33, )$+# ->!"+2, 2, I%( J",#0$(; -, 2'%:#%33, $/",(+ )$+# φ ,( 4$(&"'$(
2>+( )%#%3?"#, 2, &$("#U-, G = vT/R0 % +(, 0"#+&"+#, ,( %#/#, &$3)-,7,<
N( 8KVW; X($Y ," X($Y 0+::!#?#,(" *+>'- (>,0" )%0 '(2'0),(0%/-, 2>'3)$0,# -% )!#'$2, T
)+'0*+>,--, !3,#:, 0)$("%(!3,(" 2+ )#$&,00+0 26(%3'*+,< J-0 $(" !:%-,3,(" &$(0"#+'" +(
%#/#,; $Z '- ),+" 6 %1$'# &$,7'0",(&, 0+# &,#"%'(,0 )-%:,0 2, )%#%3?"#,0 ,("#, 2,0 3$2,0
0)'#%-!0 ," 2,0 3$2,0 1,#"'&'--!0 [8LD\<
T%(0 -,0 %#/#,0 $/",(+0 %1,& -,0 2,+7 3$2?-,0 )$+# 2,0 #!:'3,0 0"%"'$((%'#,0; '- ,7'0",
2,0 /#%(&5,0 *+' &$(1,#:,(" 1,#0 -,0 /#%(&5,0 φ ≈ 78◦ ," φ ≈ 99◦< P,),(2%("; -% 0,+-,
/#%(&5, &$("'(+, 2,0 :#%(2,0 %+7 ),"'",0 1%-,+#0 2+ )%#%3?"#, 2, &$("#U-, ,0" -% /#%(&5,
2, H'/$(%&&' &, *+' )$+##%'" ,7)-'*+,# *+, "%(" 2, 1!:!"%+7 &#$'00,(" %1,& +(, 2'1,#:,(&,
)#$&5, 2, ->%(:-, 2>$#< =% *+,0"'$( 2,0 #!:'3,0 "#%(0'"$'#,0 ,0" %/$#2!, 2%(0 -% #!4!#,(&,
[8LK\<
S ->!&5,--, )560'$-$:'*+,; 2'ﬀ!#,("0 )#$&,00+0 ),+1,(" A"#, 0+::!#!0 )$+# ,7)-'*+,# -% )56-B
-$"%7',< ]%#3' -,0 0&,(%#'$0 )$00'/-,0; &,#"%'(0 "#%'",(" 2, &$("#%'(",0 3!&%('*+,0 )$+1%("
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
&$(2+'#, : 2,0 '(0"%/'-'"!0 2, ﬂ%3/%<, %+ &$+#0 2, -% &#$'00%(&, =88>?@ A(, %+"#, %))#$&5,
0B%))+', 0+# -% 2'ﬀ+0'$( 2B+( '(5'/'",+# ,3)D&5%(" +( ($+1,- !-!3,(" 2B%))%#%E"#, "#$)
)#F0 2,0 %+"#,0@ G," '(5'/'",+# )$+##%'" D"#, )%# ,7,3)-, -B%+7'(, *+' 0+'1%(" -,0 &$(&,("#%H
"'$(0 2%(0 -,0*+,--,0 ,--, ,0" )#$2+'", ),+" ,3)D&5,# -% 4$#3%"'$( 2B+( ($+1,%+ /$+#<,$(
)$+# 4%1$#'0,# -% &#$'00%(&, 2B+(, "'<,@
I% #!4!#,(&, =8>J? &$(&-+" 0+# -, -',( ,("#, -,0 2'ﬀ!#,(",0 %))#$&5,0@ I% <!$3!"#', 2+ 3$H
"'4 )56--$"%&"'*+, ,0" <$+1,#(!, )%# -% 26(%3'*+, 2, 4$#3%"'$(K &,"", 26(%3'*+, !"%("
,--,H3D3, '('"'!, )%# -,0 '(",#%&"'$(0 )#$1,(%(" ,--,0H3D3,0 2, )#$&,00+0 )560'$-$<'*+,0@
 !"!# $%&'()*+,*- *. './0*- +/1'()2/*- 34 0*- 13.)5- &67883.9,.)2/*- 3+.
'.' 3:-*(;'-
L%(0 -,0 &'(*+%(", 2,#('F#,0 %((!,0K 2,0 )#!2'&"'$(0 $+ 2,0 $/0,#1%"'$(0 2, 3$"'40 0,3H
/-%/-,0 : &,+7 2,0 )-%(",0 $(" !"! 4%'",0 2%(0 2'ﬀ!#,("0 2$3%'(,0 2, -% )560'*+, . 2%(0
-,0 &,--+-,0 2, &$(1,&"'$( =888? $+ /',( ,(&$#, 2%(0 2,0 &$+&5,0 2, 0+),#&$(2+&",+#0 =88M?@
N$+# +( 060"F3, 2, <$+"",0 2, 4,##$ﬂ+'2, 2%(0 +( <#%2',(" 2, &5%3) 3%<(!"'*+,K 2,0
3$"'40 )56--$"%&"'*+,0 $(" !"! #,)#$2+'"0 =88O?@ L, 4%P$( +( ),+ )-+0 2!"%'--!,K -B,7)!#',(&,
&$(0'0", ,( +( #!&')',(" 5$#'Q$("%-K #,3)-' 2B+(, 5+'-, 2, 0'-'&$(, )-%&! 2%(0 +( &5%3)
3%<(!"'*+, )#!0,("%(" +( 4%'/-, <#%2',(" #%2'%-K -, 3'('3+3 0, "#$+1%(" %+ &,("#, ," -,
3%7'3+3 : -% )!#')5!#',@ A(, <$+"", 2, 4,##$ﬂ+'2,K -$#0*+B,--, ,0" )-%&!, 2%(0 +( &5%3)
3%<(!"'*+,K 1% 0, )$-%#'0,#K 4$#3%(" +( ),"'" 2')R-, 2$(" -, 3$3,(" ,0" )%#%--F-, %+ &5%3)
3%<(!"'*+,@ I,0 <$+"",0 0$(" 2!)$0!,0 -,0 +(,0 %)#F0 -,0 %+"#,0K -,+# '("#$2+&"'$( 2, 4%H
P$( )!#'$2'*+, 0'3+-%(" -% 4$#3%"'$( 2,0 )#'3$#2'%0K 0, 2!)-%P%(" ,(0+'", : -% )!#')5!#',
$S -, &5%3) ,0" )-+0 '3)$#"%("@ I,0 <$+"",0 2, 4,##$ﬂ+'2, 0, #,)$+00,(" ,("#, ,--,0 ," -,
3$+1,3,(" #%2'%- 2,0 <$+"",0 "',(" -',+ 2, &#$'00%(&,@ IB,ﬀ," 2, #!)+-0'$( ,7'0"%(" ,("#,
-,0 2')R-,0 '3)$0, *+B+(, ($+1,--, <$+"",K +(, 4$'0 2!)$0!,K 1% &5,#&5,# : 0, )-%&,# 2%(0 -,
)-+0 <#%(2 ,0)%&, 2'0)$('/-, ," : -% )!#')5!#', 2, -% #!<'$( &,("#%-,@ T( U$+%(" ($"%33,("
0+# -% )!#'$2, 2, 2!)R" 2,0 <$+"",0K 2'ﬀ!#,("0 3$2,0 $(" !"! $/0,#1!0 %--%(" 2+ 3$2, 2'0H
"'*+, )$+# 2, <#%(2,0 )!#'$2,0 2, 2!)R" : +( 3$2, 2$(" -% 2'1,#<,(&, ",(2 1,#0 -B%(<-,
2B$#K -$#0*+, -% )!#'$2, ,0" #!2+'",@ A( )%#%3F"#, 2, &$("#R-, G = vT/R0 ,0" 2!ﬁ(' %1,&
v -% 1'",00, 2B%21,&"'$( #%2'%-,K T -% )!#'$2, 2, 2!)R" ," R0 -% )$0'"'$( #%2'%-, : )%#"'#
2, -%*+,--, '- (B6 % )-+0 2, #!$#<%('0%"'$( 2,0 2')R-,0@ T( #,)#!0,("%(" -% 2'1,#<,(&, φ ,(
4$(&"'$( 2+ )%#%3F"#, GK +( 2'%<#%33, ),+" D"#, &$(0"#+'"@ T( )-+0 2, -% /#%(&5, 2, W'/$H
(%&&'K '- ,7'0", 2B%+"#,0 /#%(&5,0 *+' &$(1,#<,(" 1,#0 2B%+"#,0 1%-,+#0 2, 2'1,#<,(&, *+%(2
-, )%#%3F"#, G 2,1',(" 2, )-+0 ,( )-+0 ),"'"@ A( %+"#, ,7,3)-, 2B,7)!#',(&, $S 2,0 3$"'40
0)'#%-!0 $(" !"! $/0,#1!0K ,0" &,-+' 2, 3'&#$0"#+&"+#,0 ,( &$+&5,0 2, AgX SiO2 )#!)%#!,0
)%# &$H,1%)$#%"'$( 2B+(, )$+2#, &$(",(%(" : -% 4$'0 2+ Ag2O ," 2+ SiO 2%(0 2,0 #%))$#"0
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
2, 3%00,0 2'ﬀ!#,("0; 0+# 2,0 0+/0"#%"0 )$-6&#'0"%--'(0 2, Al2O3 <88=>? @,0 0+0/"#%"0 0$("
3%'(",(+0 A +(, ",3)!#%"+#, -!BC#,3,(" %+D2,00+0 2+ )$'(" 2, 4+0'$( 2, -E%#B,(" 3%'0 /',(
,( 2,00$+0 2, &,--, 2+ SiO2? @,"", &$(2'"'$( 4%1$#'0, %-$#0 -% 4$#3%"'$( 2, &$+&5, 2, "6),
AgF SiO2? G,0 2,+7 3%"!#'%+7 $(" 2,0 &$,ﬃ&',("0 2E,7)%(0'$( "5,#3'*+, "#C0 2'ﬀ!#,("0 A
-% ",3)!#%"+#, &5$'0', ," +(, "#C0 4$#", &$("#%'(", 0, 2!1,-$)), %+ &$+#0 2+ #,4#$'2'00,3,("?
I )%#"'# 2E+(, 1%-,+# &#'"'*+, σc 2!),(2%(" 2, -E!)%'00,+# 2, -% &$+&5, ," 2, 0$( #%6$(;
-% &$+&5, 2, SiO2 ),+" 2,1,('# '(0"%/-, 1'0 A 1'0 2, -% 4$#3%"'$( 2, 3$2,0 2, ﬂ%3/%B,?
I+7 0"%2,0 -,0 )-+0 %1%(&!0 2+ #,4#$'2'00,3,("; 0+# -,0 0'",0 $K -% &$("#%'(", ,0" 3%7'3%-,;
'- %))%#%L" %-$#0 2,0 0)5!#+-,0 $#B%('0!,0 0+# 2,+7 M,+7 2, 0)'#%-,0 (i, j); %1,& i ," j 2,0
",#3,0 &$(0!&+"'40 2, -% 0!#', 2, N'/$(%&&'?
O+3!#'*+,3,("; -,0 #!0+-"%"0 2, -% #!4!#,(&, <88P> 3$("#,(" *+E,( '("!B#%(" +( 3$2C-,
!-%0"'*+, 2, "6), 2, 1$( QR#3%(DS$(,-- 2!&#'1%(" 2,0 &$+&5,0 0$+0 &$("#%'(",; '- ,0" )$0D
0'/-, 2, #,)#$2+'#, +( -%#B, 0),&"#, 2, 3$"'40 $/0,#1!0 &5,T -,0 )-%(",0 ($"%33,(" )$+# -,0
!)'(,0 2, &%&"+0 2, 4$#3,0 2'ﬀ!#,(",0? U(, %(%-60, 6 ,0" 4%'", ,( ",#3, 2, 3'('3'0%"'$( 2,
-E!(,#B', !-%0"'*+, %+ &$+#0 2, -% &#$'00%(&,?  !&,33,("; 2%(0 +( 060"C3, 2, &%&"+0 3%D
B(!"'*+, 4$#3! )%# 2, ),"'"0 %'3%("0 )-%&!0 -, -$(B 2E+(, "'B,; 2,0 3$"'40 ,( 0)'#%-,0 2%(0
+(, B!$3!"#', &6-'(2#'*+, $(" !"! 3'0 ,( !1'2,(&, (+3!#'*+,3,(" ," ,7)!#'3,("%-,3,("
<88V>?
W%-B#! "$+",0 &,0 $/0,#1%"'$(0 2%(0 2,0 060"C3,0 1%#'!0; -% *+,0"'$( 2, -E$#'B'(, 2, &,0
3$"'40 )56--$"%&"'*+,0 ," 2, -,+# +('1,#0%-'"! #,0", $+1,#",?
 !"!# $%&'()&'%*+ , -%&'.+ /0122%&)3&'456+ 7)*+ 5* +1+&8-6 %/&'456
@$(&,#(%(" -E$)"'*+,; A ($"#, &$((%'00%(&,; '- (E6 % )%0; A &, M$+#; 2E!"+2, ),#3,""%(" 2,
&$(0"#+'#, 2,0 3$"'40 )56--$"%&"'*+,0? X( ),+" &,),(2%(" '(2'*+,# -,0 "#%1%+7 )#!0,("!0
2%(0 <889> "#%'"%(" 2, -% 2'ﬀ#%&"'$( ,( &5%3) -$'("%'( 2E+( %##%(B,3,(" 2, "6), )56--$"%&D
"'*+,? O$+0 )#$)$0$(0 2$(& 2%(0 ($"#, !"+2,; 2E,7)-$'",# -% #'&5,00, 2, -E,7)!#',(&, 2, -%
1%-1, A &#'0"%+7 -'*+'2,0 %1,& #!"#$%&"'$( $)"'*+, 2%(0 -, /+" 2E$/0,#1,# 2,0 3$2,0 2E%+"$D
$#B%('0%"'$( 2, -% -+3'C#, 0,3/-%/-,0 A &,+7 $/0,#1!0 &5,T -,0 1!B!"%+7; ,( +"'-'0%(" 2,0
0"#+&"+#,0 -$&%-'0!,0? S%(0 ($"#, ,7)!#',(&,; ($+0 2'0)$0$(0 % )#'$#' 2, "$+0 -,0 !-!3,("0
(!&,00%'#,0 )$+# )$+1$'# #,)#$2+'#, &,"", 26(%3'*+, 2, &#$'00%(&, . -,0 0"#+&"+#,0 -$&%-'0!,0
),+1,(" ,( ,ﬀ," M$+,# +( #Y-, %(%-$B+, %+7 )#'3$#2'%0 ," -E$( ),+" B!(!#,# -, )#$&,00+0
'"!#%"'4 ,( '("#$2+'0%(" A -% 4$'0 +(, #$"%"'$( 2E%(B-, φ 2, #$"%"'$( ," +(, "#%(0-%"'$(; -,0
2,+7 ,ﬀ,"0 %00$&'!0 2,1%(" ),#3,""#, +(, %21,&"'$( #%2'%-, 2,0 0"#+&"+#,0 -$&%-'0!,0 0+#
2,0 "#%M,&"$'#,0 0)'#%-%("?
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
 !" #$ %&'(()*$+,- %$. /-0 0,12($*,)30 45)15*.,62-0 0,1%(-0
:, 4%;$( < 3',+7 &$3)#,(2#, -% 4$#3%"'$( 2, 3$"'40 0)'#%-!0= ($+0 %1$(0 !&#'" +( )#$>
?#%33, ?!$3!"#'*+, 0'3)-, &$(0'0"%(" < )-%&,# 2, 4%;$( '"!#%"'1, 2,0 2'0*+,0 *+, ($+0
%)),-,#$(0 )%#"'&+-,0@ A("#, 2,+7 '"!#%"'$(0= $( '("#$2+'" < -% 4$'0 +(, #$"%"'$( 2B%(?-, φ
," +(, "#%(0-%"'$( dr= '(2+'0%(" +(, &#$'00%(&, #%2'%-, 2+ 3$"'4@
 !"!# $%&'()*+,-./
C( %)),--, R -% )$0'"'$( #%2'%-, '('"'%-, 2, -% )#,3'D#, )%#"'&+-, )-%&!,= dr ," φ 0$("
#,0),&"'1,3,(" -B,7)%(0'$( 2, -% )$0'"'$( #%2'%-, ," -% #$"%"'$( ,("#, 2,+7 '"!#%"'$(0@ E%
)$0'"'$( 2, -% n'D3, )%#"'&+-, %F$+"!, #,)!#!, )%# xn ," yn 0,#% %-$#0 .
xn = xc + (R + ndr). cos(nφ)
yn = yc + (R + ndr). sin(nφ)
%1,& xc ," yc -,0 &$$#2$((!,0 2+ &,("#, 2+ 060"D3,@ E,0 3$"'40 #!0+-"%(" 2$((,(" 2!F< +(,
'(2'&%"'$( 0+# -, "6), 2B$#?%('0%"'$( *+, -B$( ),+" $/",('# ,( 4$(&"'$( 2,0 2,+7 )%#%3D"#,0
φ ," dr@ C( )$+##% %'(0' &$3)%#,# -,0 3$"'40 ?!$3!"#'*+,0 %+7 3$"'40 ,7)!#'3,("%+7@
G- 4%+" ($",# *+, -,0 )%#"'&+-,0 0$(" /,%+&$+) )-+0 #%))#$&5!,0 )#D0 2+ &,("#, 2+ 060"D3,@
A( ,ﬀ,"= -% 2'0"%(&, d -,0 0!)%#%(" 1%#', &$33, rψ= ψ !"%(" -B%(?-, ,("#, 2,+7 )-+0 )#$&5,0
)%#"'&+-,0@
 !"!" 01+*&'/2 1)3* 34/ *),&,+)4 5%&4('/ φ 1*)6-/ 5/ '%&4('/ 5%)*
I$+0 %1$(0 #!%-'0! 2,0 0'3+-%"'$(0 ?!$3!"#'*+,0 ,( 4%'0%(" 1%#',# -B,7)%(0'$( #%2'%-, dr= ,(
?%#2%(" -% 2'1,#?,(&, !?%-, < -B%(?-, 2B$# ," ,( 3%'(",(%(" ﬁ7, -% )$0'"'$( 2, -% )#,3'D#,
)%#"'&+-, )-%&!,@ C( "#$+1, *+B$( ),+" %'(0' %1$'# 2,0 "#%(0'"'$(0 2B+( 3$2, 0)'#%-! (j, i+j)
< +( 3$2, (i, j) -$#0*+, *+, -B$( )%#" 2B+(, ),"'", 1%-,+# dr ," *+B$( -B%+?3,(", )#$?#,0>
0'1,3,("@ E% "%'--, 2+ 060"D3, ," -% "%'--, 2,0 )%#"'&+-,0 0$(" %F+0"!,0 )$+# +(, 3,'--,+#,
1'0+%-'0%"'$( 2,0 0)'#%-,0@ E,0 #!0+-"%"0 $/",(+0 0$(" '--+0"#!0 )%# K'?@L@M ," 06("5!"'0!0 2%(0
-, "%/-,%+ 0+'1%(" .
R = 50 2#N8 2#NO 2#NP 2#N8Q 2#N9Q 2#NOQQ
i O8 O8 8P 9 9 9
j PM PM O8 8P 8P 8P
K'?@L@M % / & 2 , 4
R$+F$+#0 )$+# +(, 2'1,#?,(&, !?%-, < -B%(?-, 2B$# 3%'0 ,( )-%;%(" -% )#,3'D#, )%#"'&+-,
< R = 50 %+ -',+ 2, OQQ= -, )%#%3D"#, dr ,0" %+?3,("!@ :,0 &$+)-,0 (i, j) 2'ﬀ!#,("0 2,0
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 889
(i,j)=( , )(i,j)=(21,34)
dr=1                     dr=2                                  dr=3
(i,j)=(13,21)
(i,j)=(8,13) (i,j)=(5,8)
dr=10                             dr=80
a                                        b                                         c
(i,j)=(5,8)
dr=200
d                                         e                                        f
 !"#$% :;< = >$+# +(, #$"%"'$( 2?%(@-, φorA R = 200A '(ﬂ+,(&, 2, dr 0+# -, ($3/#, 2,
0)'#%-,0 . %C ," /C d = 20A n = 200A N = 2000 D &C d = 40A p = 100A N = 2000 D 2C d = 40A
n = 50A N = 2000 D ,C d = 160A n = 30A N = 6000 ," 4C d = 160A n = 20A N = 6000;
)#!&!2,("0 ),+1,(" %-$#0 E"#, $/",(+0 2%(0 &,#"%'(0 &%0A )$+# +( 3E3, dr; F%'#, 1%#',#
R ),+" 2$(& E"#, +( 3$6,(A G ,7)%(0'$( #%2'%-, ﬁ7!,A 2?$/",('# 2?%+"#,0 &$+)-,0 (i, j)A
&$33, '--+0"#! 0+# F'@;:;I ," 06("5!"'0! 2%(0 -, "%/-,%+ 0+'1%(" .
R = 200 2#J8 2#JK 2#J8L 2#JML
i 8N 8N M I
j K8 K8 8N M
F'@;:;I % / & 2
dr=1                                       dr=2                     dr=10            dr=80
(i,j)=(13,21)(i,j)=(13,21) (i,j)=(8,13) (i,j)=(5,8)a                                            b                                             c                                            d
 !"#$% :;I = >$+# +(, #$"%"'$( 2?%(@-, φorA R = 50A '(ﬂ+,(&, 2, dr 0+# -, ($3/#, 2,
0)'#%-,0 . %C d = 10A n = 200A N = 2000 D /C d = 20A n = 200A N = 2000 D &C d = 40A n = 50A
N = 2000 ," 2C d = 160A n = 30A N = 6000;
O+7 1+,0 2, &,0 #!0+-"%"0 @!$3!"#'*+,0A 0?'- ,0" )$00'/-, 2%(0 -?,7)!#',(&, 2, &$("#P-,#
-?,7)%(0'$( #%2'%-,A '- 2,1#%'" E"#, )$00'/-, 2?$/0,#1,# &,0 "#%(0'"'$(0 2?+( 3$2, (i, j) G +(
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
3$2, (j, i+ j); <%'0 ,( )#%"'*+,= -, 060">3, (, #!%?'" )%0 2, 4%@$( "#'1'%-, -$#0*+, -,0 2,+7
,ﬀ,"0= #$"%"'$( ," "#%(0-%"'$(= 0$(" %00$&'!0;
 !"!# $%&'() )*+',-() *.%' /0,%&'() ,12-() /( '.&,&+.1
B'?;C;C 3$("#, ,( )-+0 2+ &%0 $D φ = φor= -,0 0)'#%-,0 $/",(+,0 )$+# 2'ﬀ!#,("0 %(?-,0
2, #$"%"'$(= -,0 %+"#,0 )%#%3>"#,0 !"%(" ﬁ7!0; F% )#,3'>#, -'?(, &$##,0)$(2 %+7 0)'#%-,0
)56--$"%&"'*+,0 2, 2'1,#?,(&, φ = 2π
τor+p
rad )$+# )G8 H I; J( 1!#'ﬁ, /',( 2%(0 &,0 &%0= *+,
-,0 ($3/#,0 2, 0)'#%-,0 2%(0 -,0 2'ﬀ!#,("0 K,+7 0$(" 2,0 ",#3,0 &$(0!&+"'40 2,0 0+'",0 2,
B'/$(%&&'= 2, F+&%0 $+ 2, -% 0+'", (1, 4, 5, 9, 14, 23...); F% 0,&$(2, -'?(, 2, B'?;C;C 3$("#,
"#$'0 &%0 2L%(?-,0 )#$&5,0 2, &%0 &$33,(0+#%/-,0= φ = 2π
m
+ δφ rad %1,& #,0),&"'1,3,("
m = 2, 4 ," C ," δφ = 0.2◦; J( 6 1$'" *+, -, ($3/#, 2, 0)'#%-,0 ,0" 2!ﬁ(' )%# m;
(i,j)=(18, 29) (i,j)=(14, 23)(i,j)=(13, 21)
a                                      b                                      c
d                                      e                                      f
 !"#$% C;C M N$+# d = 10= n = 150= N = 1000= R = 100= dr = 2 O %PQ&P φ = 2π
τor+p
rad %1,&
#,0),&"'1,3,(" . p = 1, 2 ," I O 2PQ4P φ = 2π
m
+ δφ rad %1,& #,0),&"'1,3,(" m = 2, 4 ," C ,"
δφ = 0.2◦;
 !" #$%&'( )*+,,$%-.%&/01( 2-3( ,415)67&13.1 21 ,- 8-,81 $)%&/01
 !#!3 45,-%,&+.1 /( -, &',1)-,&+.1
R%(0 -L,7)!#',(&, 2, -% 1%-1, H &#'0"%+7 -'*+'2,0= 2%(0 2,0 #!?'3,0 2, )%#%3>"#,0 $D -,0
0"#+&"+#,0 -$&%-'0!,0 ,7'0",("= $( '("#$2+'" +(, #$"%"'$( 2L%(?-, φ ," +(, "#%(0-%"'$( 3,0+Q
#!, ,( +"'-'0%(" -% 1'0 3'&#$3!"#'*+, 2, -L,("#!, 2+ 4%'0&,%+ 2, ﬁ/#,0 $)"'*+,0; J( &$(0"%",
*+, -% #!)$(0, 2+ 060">3, (L,0" )%0 !1'2,(",= *+%(2 -,0 2,+7 ,ﬀ,"0 0$(" %00$&'!0; R'ﬀ!#,("0
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 898
%(:-,0 2, #$"%"'$( φ $(" !"! ",0"!0; ,( )#,(%(" 2,0 1%-,+#0 *+' '(",#1',((,(" 2%(0 -,0 3$2,0
2<$#:%('0%"'$(0 )56--$"%&"'*+,0 . &,0 %(:-,0 0$(" 0$'" #,-'!0 %+ ($3/#, 2<$# 0$'" )#$&5,0 2,
1%-,+#0 &$33,(0+#%/-,0 = 2π> ?+00' -, )%#%3@"#, *+, ($+0 %1$(0 060"!3%"'*+,3,(" *+%(A
"'ﬁ! ,0" -% #$"%"'$(>
C$+# ,00%6,# 2, &$3)#,(2#, -% 4%D$( 2$(" -,0 2'ﬀ!#,(",0 #!:'$(0 0$(" &$+)-!,0 0)%"'%-,A
3,("; ($+0 %1$(0 #,:%#2! -<,ﬀ," 2<+( 2!0%-':(,3,(" 2+ 4%'0&,%+ 2, #!"#$%&"'$( 0+# -% F$(,
$G -,0 4%'0&,%+7 0, #,&$+1#,("> C$+# &,-%; ($+0 %1$(0 +"'-'0! -, 3$2+-%",+# 0)%"'%- 2, -+A
3'@#, ,( '3)$0%(" +( )#$ﬁ- &'#&+-%'#,> H%(0 &, &%0; $( ),+" #,)!#,# -% 0'"+%"'$( $G -,
4%'0&,%+ 0<'3%:, 0+# -+' 3I3, *+%(2 $( 1$'" *+, -,0 2'0*+,0 '00+0 2,0 2'ﬀ!#,("0 "$+#0 2%(0
-% /$+&-, 2, #!"#$%&"'$( 0, 0+),#)$0,("> J( '("#$2+'0%(" +( 2!0%-':(,3,(" 2<+( 2,0 3'#$'#0
2, -% /$+&-, 2, #!"#$%&"'$( $+ ,( +"'-'0%(" -% 1'0 3'&#$3!"#'*+, 2+ 0+))$#" 2+ 4%'0&,%+ 2,
ﬁ/#,0 $)"'*+,0; &,0 4%'0&,%+7 -+3'(,+7 0, 2!&%-,(" "#%(01,#0%-,3,(" -,0 +(0 )%# #%))$#"
%+7 %+"#,0 %+ &$+#0 2,0 #!"#$%&"'$(0 0+&&,00'1,0> K%'0 -, &,("#, 2, -% #$"%"'$( 2+ 3$"'4
&$##,0)$(2 "$+L$+#0 %+ &,("#, 2, -% #!:'$( $G 0, 0+),#)$0,(" -,0 2'ﬀ!#,("0 2'0*+,0>
M+%(2 $( 3$2'ﬁ, -% )$0'"'$( ,( "#%(0-%"'$(; )$+# #,"#$+1,# +(, 0'"+%"'$( !*+'1%-,(", %+A
"$+# 2, &,"", #!:'$( &,("#%-,; '- ,0" (!&,00%'#, 2<%L+0",# -, &$+)-, 2, 1%-,+#0 (V0, Iin)> J(
,ﬀ,"; -$#0*+, -,0 2'ﬀ!#,("0 4%'0&,%+7 '00+0 2,0 #!"#$%&"'$(0 0+&&,00'1,0 0, #,&$+1#,(" 3$'(0;
-, ('1,%+ :-$/%- 2<'(",(0'"! ,0" )-+0 4%'/-, ," $( ),+" %-$#0 &$3),(0,# ,( %+:3,("%(" 0$'"
-% ",(0'$( V0 0$'" Iin>
N$3)", ",(+ 2, -% #!)$(0, ($( "#'1'%-, 2+ 060"@3, 1'0 = 1'0 2, -% "#%(0-%"'$(; ($+0 )#!&'A
0,#$(0 "$+L$+#0 &$33,(" ($+0 %1$(0 )#$&!2! )$+# -,0 3,0+#,0 ," ($+0 &$(0'2@#,#$(0 *+,
-, 060"@3, O#,00,("O -,0 ,ﬀ,"0 2<+(, "#%(0-%"'$( *+%(2 -,0 "#%L,&"$'#,0 0)'#%-,("> P( 1,##%
&,),(2%(" 2%(0 -% 0+'", *+, -<$( ),+" 2%(0 &,#"%'(,0 0'"+%"'$(0; !1%-+,# +( 2!)-%&,3,("
,ﬀ,&"'4 2%(0 -, 060"@3,> N,"", !1%-+%"'$( ),+" 0, 4%'#, ,( &$(0'2!#%(" -<,0)%&,3,(" ,("#,
2,+7 )%#"',0 %2L%&,(",0 2<+(, 3I3, 0)'#%-,>
 !"!# $%&'()*+, -.'//'0)1)2& -+ (21)3
C$+# 2,0 0"#+&"+#,0 -$&%-'0!,0 2, "%'--, 8QR µm ,(1'#$( SL ≈ −5 cmT; +( %(:-, 2, #$"%"'$(
)#$&5, 2, -<%(:-, 2<$# ,0" '("#$2+'"> J( &5$'0'00%(" +(, 1%-,+# 2, ",(0'$( -!:@#,3,(" %1%("
-, )$'(" 2, (%'00%(&, -% /'0"%/'-'"!; )+'0 ,( -<%+:3,("%(" )#$:#,00'1,3,("; $( ),+" 1$'#
-, 3$"'4 %))%#%U"#,> C$+# &,#"%'(,0 )$0'"'$(0 -%"!#%-,0 2, -<,("#!, 2+ 4%'0&,%+ 2, ﬁ/#,0; $(
&$(0"%", *+, -,0 0"#+&"+#,0 &$33,(&,(" = %))%#%U"#, = -% )!#')5!#', )+'0 #,3)-'00,(" -,0
,0)%&,0 )-+0 )#@0 2+ &,("#, SV':>W>XT> J( &5%(:,%(" -% )$0'"'$( -%"!#%-, 2<,(1'#$( Y mm;
$( &$(0"%", *+, &,"", 4$'0; -,0 2'ﬀ!#,(",0 #!:'$(0 2+ 3$"'4 0,3/-,(" %))%#%#%U"#, *+%0'
0'3+-"%(!3,("> SV':>W>ZT> C$+# +( %+"#, #!:-%:, ,( "#%(0-%"'$(; ($+0 %1$(0 ",0"! -<,ﬀ," 2,
-% ",(0'$( ﬁ(%-, 0+# -, #,3)-'00%:, 2+ 3$"'4> H%(0 +( )#,3',# &%0; &,"", ",(0'$( ,0" !:%-, =
Z>Z9[ V SV':>W>\T> ]' $( #,&$33,(&, -% 3I3, 3,0+#, 3%'0 ,( )#,(%(" +(, 1%-,+# ﬁ(%-, 2,
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 899




















 !"#$% :;< = >6(%3'*+, 2?%))%#'"'$( 2+ 3$"'4 ,( %+@3,("%(" -% ",(0'$( A )%#"'# 2?+(,
0'"+%"'$( %+"$+# 2+ 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!; B,&"+#, 2, -% )$0'"'$( "#%(01,#0%-,
0+# -% 1'0 3'&#$3!"#'*+, . C;8C mmD V0 1%#', 2, E;FG< A E;:9G V D Iin = 240 µW/cm
2
;
a                             b                             c                            d
 !"#$% :;E = >6(%3'*+, 2?%))%#'"'$( 2+ 3$"'4 ,( %+@3,("%(" -% ",(0'$( A )%#"'# 2?+(,
0'"+%"'$( 0'"+!, %1%(" -, 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!; B,&"+#, 2, -% )$0'"'$( "#%(01,#H
0%-, 0+# -% 1'0 3'&#$3!"#'*+, . :;II mmD V0 1%#', 2, E;JEC A E;FC9 V D Iin = 240 µW/cm
2
;
",(0'$( )-+0 @#%(2, V0 = 8.868 V D $( %##'1, A #,3)-'# "$+" -?,0)%&, 2, 0"#+&"+#,0 -$&%-'0!,0
KL'@;:;8IM;
a                             b                             c                             d
 !"#$%  !" # $%&'()*+, -.'//'0)1)2& -+ (21)3 ,& '+4(,&1'&1 5' 1,&6)2& 7 /'01)0 -.+&,
6)1+'1)2& 6)1+8, '9'&1 5, 6,+)5 -, &')66'&:, -, 5' ;)61';)5)18! V0 9'0), -, <!=>? 7 <!<>@ V A
Iin = 200 µW/cm
2
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
a                             b                             c                             d
 !"#$% ;<8= > ?6(%3'*+, 2@%))%#'"'$( 2+ 3$"'4 ,( %+A3,("%(" -% ",(0'$( B )%#"'# 2@+(,
0'"+%"'$( 0'"+!, %1%(" -, 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!< V0 1%#', 2, C<DE8 B C<C;C V F
Iin = 200 µW/cm
2
<
 !"!" #$%&%$' ()*$+,' -$ *.)/0*$ -$ ,1%)%&1/ φ
G' $( '("#$2+'" +( ),"'" %(A-, 2, #$"%"'$( φ 2, -@$#2#, 2, -% 2'H%'(, $+ 1'(A"%'(, 2, 2,A#!0F
-,0 0"#+&"+#,0 0@$#A%('0,(" 0+# +(, +('*+, 0)'#%-, IJ'A<;<88 %K< L( &$(0"%", ,( )%#"'&+-',# *+,
-% 2'0"%(&, ,("#, -,0 0"#+&"+#,0 -$&%-'0!,0 %+A3,(", %+ 4+# ," B 3,0+#, *+, -@$( 0@!-$'A(, 2+
&,("#,< M, -$(A 2+ /#%0 2, -% 0)'#%-,F $( #,"#$+1, !A%-,3,(" "$+", -% )5!($3!($-$A', 2!&#'",
%+ &5%)'"#, )#!&!2,(" )$+# -,0 0"#+&"+#,0 -$&%-'0!,0 ,( )#!0,(&, 2, "#%(0-%"'$( IJ'A<N<9 ,"
J'A<N<:K< L( 1$'" %'(0' -, -$(A 2+ /#%0 2, -% 0)'#%-,F -, )%00%A, 2+ &%0 $O -,0 0"#+&"+#,0
0$(" 4%'/-,3,(" %21,&"!,0 2%(0 -% 2'#,&"'$( ,ﬀ,&"'1, 2, -% "#%(0-%"'$(F %+ &%0 ,( 4$#3, 2,
ﬁ-%3,("F 0+'1' 2,0 0"#+&"+#,0 ,( H'AH%A )+'0 B ($+1,%+ 0$+0 4$#3, 2, ﬁ-%3,("< L( #,"#$+1,
,(ﬁ(F )$+# 2,0 2'0"%(&,0 %+ &,("#, )-+0 A#%(2,F -% 0'"+%"'$( $O -% 2'0"%(&, ,("#, 0"#+&"+#,0
,0" )-+0 A#%(2, *+, -,+# "%'--, &%#%&"!#'0"'*+, ," %+A3,(", -, -$(A 2, -% 0)'#%-,< L( ),+"
a                                                           b
 r
 !"#$% ;<88 > %K 0)'#%-, ,7)!#'3,("%-, $/",(+, )$+# +(, #$"%"'$( 2@+(, 1'(A"%'(, 2,
2,A#!0F V0 = 5.355 V F Iin = 590 µW/cm
2
F ," /K 0)'#%-, (+3!#'*+, )$+# -,0 1%-,+#0 0+'1%(",0
2,0 )%#%3R"#,0 . φ = 10◦F R = 100F dr = 2F d = 10F n = 150 ," N = 1000 <
!1%-+,# +(, 2'0"%(&, ∆r 0+# J'A<;<88%F ,("#, 2,+7 ,(#$+-,3,("0 0+&,00'40 2, -% 0)'#%-,F !A%-,
,(1'#$( !A%-, B 9 4$'0 -% "%'--, 2,0 0"#+&"+#,0 -$&%-'0!,0< S,"", !1%-+%"'$( #,0", &,),(2%("
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
2'ﬃ&'-, < 4%'#, 2%(0 -,0 &%0 2, 3$"'40 )-+0 &$3)-,7,0= ",-0 *+, &,+7 &$(0"'"+!0 2, )-+0',+#0
>,+7 2, 0)'#%-,0? @$+# &$3)%#%'0$(= +( )#$ﬁ- (+3!#'*+, )$+# +( ),"'" %(B-, 2, 2'1,#B,(&,
,0" 2$((! < -% C'B?D?88/?
 !"!# $%&'&(%) *+'),-./ φ 0%11.)/234/ 5 2π
φ ≈ 60◦
E,0 !"+2,0 %("!#',+#,0 0+# -% #$"%"'$( 2%(0 -F,7)!#',(&, 2, -% 1%-1,= $(" 3$("#! *+F,( ﬁ7%("
-% #$"%"'$( < DG
◦
,( -F%/0,(&, 2, "$+", "#%(0-%"'$( #%2'%-,= -,0 0"#+&"+#,0 -$&%-'0!,0 0F$#B%H
('0,(" 0+# 2,0 &,#&-,0 %1,& 0+# &5%&+( 2F,+7= +( ($3/#, 2, 0"#+&"+#,0 3+-"')-, 2, D I8GJK?
L( '("#$2+'0%(" +( !&%#" ±δφ )%# #%))$#" < -% 1%-,+# &$33,(0+#%/-, < 2π= -,0 0"#+&"+#,0
-$&%-'0!,0 0, 3,"",(" < "$+#(,# 0+# -,0 2'0*+,0 2%(0 +( 0,(0 $+ 2%(0 -F%+"#, 0,-$( -, 0'B(, 2,H
1%(" δφ? L( )#!0,(&, ,( )-+0= 2, "#%(0-%"'$(= -,0 3$"'40 $/",(+0 2,1#%',(" M"#, 2,0 0)'#%-,0?
N,-% % !"! 1!#'ﬁ!= ,( ﬁ7%(" -F%(B-, 2, #$"%"'$( %+"$+# 2, DG
◦
," ,( '2,("'ﬁ%(" -% 0'"+%"'$(
0,3/-%(" -% )-+0 )#$&5, 2F+( &%0 0%(0 #$"%"'$(? C'B?D?89/ &$##,0)$(2 < &,"", 0'"+%"'$( %1,&
)%0 $+ "#O0 ),+ 2, 26(%3'*+, ," +( 3$"'4 %6%(" +(, B!$3!"#', *+%0' 5,7%B$(%-,? P )%#"'#
2, &,"", 0'"+%"'$(= +( ),"'" !&%#" %(B+-%'#, δφ % !"! '("#$2+'"? @$+# δφ (!B%"'4 Q#,0),&"'1,H
3,(" )$0'"'4R= $( $/0,#1, D 0)'#%-,0 "$+#(%(" 2%(0 -, 0,(0 "#'B$($3!"#'*+, Q#,0),&"'1,3,("
5$#%'#,R? E,0 2,+7 0'"+%"'$(0 0$(" )#!0,("!,0 )%# -% C'B?D?89% ," &?
a           b         c
 !"#$% D?89 S @$+# +(, #$"%"'$( φ ≈ 60◦ . )#$ﬁ-0 ,7"#%'"0 2,0 ﬁ-30 )$+# %R φ = φ1 − δφ=
/R φ = φ1 ≈ 60◦= V0 = 5.238 V = Iin = 290 µW/cm2 ," & . φ = φ1 + δφ %1,& δφ = 1◦ ?
φ ≈ 90◦
T%(0 -,0 %#/#,0 $/",(+0 %1,& -,0 3$2O-,0 26(%3'*+,0= *+, ($+0 %1$(0 '("#$2+'"0 2%(0 -%
0,&"'$( )#!&!2,(",= &,"", 1%-,+# 2, #$"%"'$( &$##,0)$(2 %+ 3$2, 2!&+00! QC'B?D?U%R? P -%
C'B?D?8U% ,0" )#!0,("!, +(, 0!*+,(&, ",3)$#,--, 2F'3%B,0 )$+# +(, #$"%"'$( )#$&5, 2, VG
◦
'("#$2+'", 2%(0 -, /$+&-, 2, #!"#$%&"'$(? P+ &,("#, 2+ 3$"'4= $( $/0,#1, +(, %-",#(%(&,
,("#, 2,0 3$2,0 &'#&+-%'#,0 ," 2,0 3$2,0 0)'#%-!0? W' $( #,B%#2, -, 2'%B#%33, 0)%"'$H
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1.4
2.8
a   
 !"#$% ;<8= > %? 0!*+,(&, ",3)$#,--, 2@'3%A,0 )$+# +( %(A-, 2, #$"%"'$( )#$&5, 2, BC
◦
%1,& $/0,#1%"'$( 2, 3$2,0 &'#&+-%'#,0 ," 0)'#%-!0 %+ &,("#, 2+ 3$"'4 ," /? 2'%A#%33, 0)%"'$D
",3)$#,- &$##,0)$(2%("E V0 = 13.759 V <
",3)$#,- F'A<;<8=/ 2+ ﬁ-3 2$(" 0$(" ,7"#%'"0 -,0 )#$ﬁ-0 2, F'A<;<8=%E H -% )!#')5!#',E '- 6
% +(, 26(%3'*+, 2@,7)%(0'$(E *+' 0, #,)#$2+'" )!#'$2'*+,3,(" %+ &$+#0 2+ ",3)0<
φ ≈ 120◦
I,"", 1%-,+# 2, #$"%"'$( ),+" J"#, 3'0, ,( #,-%"'$( %1,& -, 3$2, "#'&+00! KF'A<;<=/?E )$+#
-,*+,- "#$'0 !-!3,("0 %))%#%'00,(" %+ 3J3, ($,+2< L%(0 -@,7)!#',(&,E ,( 0, )-%M%(" )#N0
2+ 0,+'- 2, /'0"%/'-'"!E '- ,0" )$00'/-, 2@$/0,#1,# %+"$+# 2@+(, 0"#+&"+#, -$&%-'0!, &,("#%-,E
"#$'0 %+"#,0 0"#+&"+#,0 *+' "$+#(,(" 2%(0 -, 0,(0 "#'A$($3!"#'*+, 0+# +( &,#&-, 2$(" -,
#%6$( 2'3'(+, )$+# 4+0'$((,# ,(0+'", %+ &,("#,< O- #!%))%#%P" %+00' 2, ($+1,%+7 "#')-,"0 2,
0"#+&"+#,0 )%# -% 0+'", KF'A<;<8Q& ," 4?< R( &$(0"%", *+, -% &$--'0'$( -,0 0"#+&"+#,0 %+ &,("#,
),+" %3,(,# ),(2%(" H +( "#%(0'"$'#, H -@,7'0",(&, 2@+(, 0"#+&"+#, "#'%(A+-%'#, KF'A<;<8Q5?<
S$+0 6 #,1',(2#$(0 2%(0 +( )%#%A#%)5, 0+'1%("<
T$+# +( %+"#, &$+)-, 2, 1%-,+#0 2, (V0, Iin) )-+0 -$'( 2+ 0,+'-E -, 3$"'4 ,0" &$(0"'"+!
2@+( )-+0 A#%(2 ($3/#, 2, 0"#+&"+#,0 -$&%-'0!,0 ," -% 26(%3'*+, ,0" &$3)%#%/-, H &,--,
3,("'$((!, )$+# φ ≈ 90◦E %1,& 2,0 "#%(0'"'$(0 ,("#, 2,0 0)'#%-,0 ," 2,0 &,#&-,0 %+ &,("#, 2,
-% 0"#+&"+#, KF'A<;<8:%?< U, 2'%A#%33, 0)%"'$D",3)$#,- %00$&'! 3$("#, *+@H -% )!#')5!#',E
'- 6 % +(, 26(%3'*+, 2, &$("#%&"'$( 2+ 3$"'4 KF'A<;<8:/?<
T$+# +(, 1%-,+# 2@'(",(0'"! +( ),+ )-+0 A#%(2,E '- ,0" )$00'/-, 2@$/0,#1,# %+ &,("#, -% 3J3,
26(%3'*+, *+, &,--, )#!0,("!, )%# F'A<;<8Q )+'0 H )%#"'# 2@+(, 2'0"%(&, #%2'%-, '(2'*+!,
)%# -, &,#&-, ,( )$'("'--!0 #$+A,0 0+# -, )#$ﬁ- F'A<;<8;%E $( 1$'" "#$'0 0)'#%-,0 %1,& -, -$(A
2, &5%&+(,E -,0 0"#+&"+#,0 *+' 0, 2!)-%&,(" 1,#0 -% )!#')5!#',< T$+# &$3)%#%'0$(E +( )#$ﬁ-
(+3!#'*+, $/",(+ )%# 0'3+-%"'$( A!$3!"#'*+, ,0" 2$((! )$+# +(, #$"%"'$( 2, φ = 118◦ ,"
dr = 2< U, 2'%A#%33, 0)%"'$D",3)$#,- 2+ ﬁ-3 2$(" ,0" ,7"#%'" -% F'A<;<8;% 3$("#, +(,
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
a                       b                       c                      d
e                       f                      g                       h
 !"#$% :;8< = >!*+,(&, ",3)$#,--, 2?'3%@,0 ,7)!#'3,("%-,0 )$+# φ )#$&5, 2, 89A◦ ," +(
1$-"%@, )#B0 2+ 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!C V0 = 5.025 V C Iin = 630 µW/cm
2
;







 !"#$% :;8E = %F 0!*+,(&, ",3)$#,--, 2?'3%@,0 ,7)!#'3,("%-,0 )$+# φ )#$&5, 2, 89A◦C
)#B0 2+ 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!C )$+# +(, ",(0'$( V0 = 5.086 V ," Iin = 310
µW/cm2 ," /F 2'%@#%33, 0)%"'$G",3)$#,- &$##,0)$(2%(";




a                                    b
15                        30                         45                         60            
1.6  
3.2  
 !"#$% :;8: = %F )#$ﬁ- ,7)!#'3,("%- %1,& "#$'0 0)'#%-,0 )$+# φ )#$&5, 2, 89A◦C V0 = 5.086
V C Iin = 475 µW/cm
2
C /F )#$ﬁ- (+3!#'*+, )$+# -,0 )%#%3B"#,0 0+'1%("0 . φ = 118◦C
R = 100C dr = 2C d = 10C n = 200 ," N = 1000 ," &F 2'%@#%33, 0)%"'$G",3)$#,- 2+ ﬁ-3
2$(" ,0" ,7"#%'" %F;
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
φ ≈ 180◦
;%(0 -,0 %#/#,0 2,0 3$2<-,0 26(%3'*+,0= -, 3$2, 2'0"'*+, &$##,0)$(2 > +(, 2'1,#?,(&,
φ 2, 8@A◦B C( '("#$2+'0%(" +(, #$"%"'$( )#$&5, 2, &," %(?-,= '- ,0" )$00'/-, 2D$/",('# 2,0
)#$ﬁ-0 &$33, &,+7 2, F'?BGB8:B H' -% #$"%"'$( ,0" )#$&5, 2, 180◦ 3%'0 %1,& +( !&%#" δφ=
$( $/0,#1, 2,+7 0)'#%-,0 063!"#'*+,0 )%# #%))$#" %+ &,("#, IF'?BGB8:%J= -, -$(? 2,0*+,--,0
-,0 0"#+&"+#,0 -$&%-'0!,0 0D$#?%('0,("= -% 2'0"%(&, ,("#, ,--,0 %+?3,("%(" ,( 0D!-$'?(%(" 2+
&,("#,B ;, )-+0= -% 2'0"%(&, ∆r ,("#, 2,+7 ,(#$+-,3,("0 &$(0!&+"'40 ,0" 2, -D$#2#, 2, 2,+7
4$'0 -% "%'--, 2,0 0"#+&"+#,0 -$&%-'0!,0B K$+# &$3)%#%'0$(= +( )#$ﬁ- (+3!#'*+, )$+# φ = 178◦
,0" 2$((! )%# F'?BGB8:/B L,0 )#$ﬁ-0 2, F'?BGB8@% ," /= 0,3/-,(" &$##,0)$(2#, > 2,0 &%0 )-+0
)#$&5,0 2, 8@A
◦




 !"#$% GB8: M %J )#$ﬁ- ,7)!#'3,("%- )$+# φ )#$&5, 2, 180◦= V0 = 5.345 V = Iin = 1.03
µW/cm2 ," /J )#$ﬁ- (+3!#'*+, )$+# -,0 )%#%3<"#,0 0+'1%("0 . φ = 178◦= R = 100= dr = 1=




 !"#$% GB8@ M K$+# +(, #$"%"'$( "#<0 )#$&5, 2, 8@A
◦
= '3%?,0 )#!0,("%(" +(, 063!"#',
&,("#%-, %1,& C -, &,("#, 2, -% 063!"#', '(2'*+! ,( #$+?,B L,0 )%#%3<"#,0 ,7)!#'3,("%+7
0$(" . %J V0 = 5.345 V = Iin = 1.03 µW/cm
2
," /J V0 = 5.240 V = Iin = 840 µW/cm
2
B
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
 !"!# $% ﬁ'(%) *+(%,*- .- /0)()10% 2/034- .- *+(%,*- .+0/ 5 φ ≈ 137.5◦
;<%(=-, 2, #$"%"'$( % !"! ﬁ7! )#$&5, 2, -<%(=-, 2<$# )$+# !"+2',# -,0 3$2,0 2<$#=%('0%"'$(
2,0 0"#+&"+#,0 -$&%-'0!,0? )$+# 2'ﬀ!#,("0 )%#%3A"#,0 2, ",(0'$( ," 2<'(",(0'"! 3%'0 %+00' ,(
B$+%(" 0+# -% )$0'"'$( -%"!#%-, 2+ 4%'0&,%+ 2, ﬁ/#,0 $)"'*+,0C ;% )-+)%#" 2,0 3,0+#,0 $("
!"! #!%-'0!,0 )$+# +(, -$(=+,+# 2, )#$)%=%"'$( -'/#, L 2, -<$#2#, 2, DE cmC ;,0 0"#+&"+#,0
-$&%-'0!,0 $(" %-$#0 +(, "%'--, 2, -<$#2#, 2, 8FG 3'&#$(0C H,+7 %+"#,0 "%'--,0 2, 0"#+&"+#,0
)$+# L ≈ −3 ," DI cm $(" &,),(2%(" !"! ",0"!,0C J+%(2 &,-% (, 0,#% )%0 )#!&'0!? -% "%'--,
2,0 0"#+&"+#,0 0,#% )%# 2!4%+" &,--, &$##,0)$(2%(" K L ≈ −5 cmC
L( ﬁ7%(" -<%(=-, K 8MICE
◦
)$+# L ≈ −5 cm? '- ,0" )$00'/-, 2<$/0,#1,# +( 3$"'4 2, 2,+7
B,+7 2, 0)'#%-,0 2, N'/$(%&&'? 8M "$+#(%(" 2%(0 -, 0,(0 5$#%'#, ," 98 2%(0 -, 0,(0 $))$0!
ON'=CPC8Q%RC S- ,0" '3)$#"%(" 2, 0$+-'=(,# *+, &, 3$"'4 ,0" 26(%3'*+,C T%# ,7,3)-,? -,
($3/#, 2, 0"#+&"+#,0 0+# -, )#,3',# &,#&-, !1$-+, %+ &$+#0 2+ ",3)0? !=%- 0$'" K E 0$'" K :C
H, )-+0? -, 3$"'4 $/",(+ (<,0" )%0 "$+B$+#0 )%#4%'" 2%(0 -, 0,(0 $U -,0 ($3/#,0 2, 0)'#%-,0
),+1,(" 2'ﬀ!#,# 2, &,+7 )#!1+0 )%# -% 0!#', 2, N'/$(%&&'C S- ),+" )%# ,7,3)-, 6 %1$'# +(,
0)'#%-, %22'"'$((,--, 2%(0 +( 2,0 2,+7 B,+7 &$33, 0+# N'=CPC8Q/? $U +(, 99A3, 0)'#%-,
,7'0", 2%(0 -, B,+ "$+#(%(" 2%(0 -, 0,(0 "#'=$($3!"#'*+,C
T$+# +(, %+"#, 0!#', 2, 3,0+#,0 )$+# 2<%+"#,0 %B+0",3,("0 ,( "#%(0-%"'$( 3%'0 "$+B$+#0
a                                   b
(i,j)=(13, 21) (i,j)=(13, 22)
 !"#$% PC8Q V T#$ﬁ-0 ,7)!#'3,("%+7 )$+# +(, #$"%"'$( )#$&5, 2, -<%(=-, 2<$#C ;,0 2,+7
B,+7 2, 0)'#%-,0 0$(" 3'0 ,( !1'2,(&,? %1,& ,( /-,+ -, B,+ 2, 0)'#%-,0 "$+#(%(" 2%(0 -, 0,(0
"#'=$($3!"#'*+, ," ,( #$+=, -,0 0)'#%-,0 "$+#(%(" 2%(0 -, 0,(0 5$#%'#,C ;,0 ($3/#,0 2,
0)'#%-,0 0$(" )$+# %R (i, j) = (13, 21) ," )$+# /R (i, j) = (13, 22)C ;,0 )%#%3A"#,0 ,7)!#'D
3,("%+7 0$(" V0 = 6.706 V ," Iin = 180 µW/cm
2
C
)$+# +( %(=-, )#$&5, 2, -<%(=-, 2<$#? ,( )%#"%(" 2<+(, 0'"+%"'$( %1%(" -, 0,+'- 2<%))%#'"'$(
2,0 0"#+&"+#,0 -$&%-'0!,0? -% ",(0'$( ,0" %+=3,("!, B+0*+<K &, *+, 2,0 0"#+&"+#,0 0$',("
=!(!#!,0 ," *+<+( 3$"'4 0, 2!1,-$)),? 0+'1%(" -% )#$&!2+#, 3,("'$((!, )#!&!2,33,("C L(
#,=%#2%(" N'=CPC9G%? $( 2'0"'(=+,? K -% )!#')5!#', 2+ 3$"'4? 2,0 0)'#%-,0 2%(0 -<$#=%('0%"'$(
2,0 0"#+&"+#,0 -$&%-'0!,0C W,),(2%("? $( ),+" %+00' 3$("#,# *+, -,0 0"#+&"+#,0 -$&%-'0!,0














 !"#$% ;<9= > %? )#$ﬁ- ,7)!#'3,("%- )$+# +(, #$"%"'$( )#$&5, 2, -A%(B-, 2A$# . 0+# -,0
&,#&-,0 3'0 ,( !1'2,(&, )%# 2'ﬀ!#,(",0 &$+-,+#0D $( &$3)", 2,0 ($3/#,0 2, 0"#+&"+#,0
-$&%-'0!,0 *+' 0$(" 2,0 ",#3,0 2, -% 0!#', 2, E'/$(%&&' F /? 2'%B#%33, 0)%"'$G",3)$#,- 2+
ﬁ-3 2$(" ,0" ,7"#%'" %?< H,0 )%#%3I"#,0 ,7)!#'3,("%+7 0$(" . V0 = 6.752 V ," Iin = 180
µW/cm2<
0, )$0'"'$((,(" 0+# 2,0 &,#&-,0 &$(&,("#'*+,0 %1,& 2%(0 -A$#2#, ,( )%#"%(" 2+ &,("#,D J
0"#+&"+#,0 0+# -, &,#&-, /-,+ 4$(&!D 8K 0+# -, &,#&-, $#%(B,D 98 0+# -, 0+'1%("D 98 0+# -,
&,#&-, /-,+ &-%'#D ," KL 0"#+&"+#,0 )$+# "$+0 -,0 &,#&-,0 0+'1%("0D 2+ &,#&-, #$+B, %+ 1,#"D &,0
($3/#,0 %))%#",(%(" M -% 0!#', 2, E'/$(%&&'< N -% )!#')5!#', -,0 0"#+&"+#,0 0, 0'"+,(" "$+",0
M -A'(",#0,&"'$( 2, 2,+7 O,+7 &$3)#,(%(" &5%&+(, KL 0)'#%-,0< P+# E'B<;<9=/ ,0" #,)#!0,("!
+( 2'%B#%33, 0)%"'$G",3)$#,- 3$("#%(" -% 26(%3'*+, 2+ 3$"'4< Q( ),+" 6 1$'# *+A'- 6 %
+(, )!#'$2'&'"! 2%(0 -% 26(%3'*+, 2, -% )%#"', &,("#%-, 2, -A$#B%('0%"'$( ," *+, B-$/%-,3,("
-, 3$"'4 0, &$("#%&", 1,#0 -, &,("#, O+0*+AM &$--'0'$( $+ 4+0'$( 2,0 0"#+&"+#,0 0'"+!,0 0+# -,
)#,3',# &,#&-,< Q( ),+" ($",# %+00' *+, -, ($3/#, 2, 0"#+&"+#,0 0+# &, )#,3',# &,#&-, 1%#',
,("#, R ," J ," *+A%+ &$+#0 2A+(, 2, &,0 &$--'0'$(0D -, 0,(0 2, #$"%"'$( 2,0 0"#+&"+#,0 0+# -,
&,#&-, &5%(B,<
 !"#$!#"%& '(#& '%!)!%& *$+& L = −3 cm,
S$+# +(, "%'--, 2, 0"#+&"+#,0 )-+0 ),"'",0D '- ,0" )$00'/-, 2A$/0,#1,# 2,0 $#B%('0%"'$(0 *+'
#%)),--,(" 2,0 )!"%-,0D 2,0 2,(",--,0 $+ /',( ,(&$#, 2,0 4$#3,0 ,( 0$-,'-< P%(0 &5%(B,# -%
#$"%"'$(D "#$'0 )$0'"'$(0 -%"!#%-,0 2, -A,("#!, 2+ 4%'0&,%+ 2, ﬁ/#,0 $(" !"! ",0"!,0 ," )$+#
&5%&+(, 2A,--,0D 2'ﬀ!#,(",0 1%-,+#0 2, ",(0'$( $(" !"! &$(0'2!#!,0 ,( )%#"%(" 2, 0'"+%"'$(0
)#$&5,0 2+ 0,+'- 2, (%'00%(&, 2, /'0"%/'-'"! M 2,0 0'"+%"'$(0 )-+0 !-$'B(!,0<
S$+# &,"", 3,0+#,D $( &$33,(&, ,( +"'-'0%(" -, PHT )%# 2!ﬁ('# +(, 0'"+%"'$( $U -,0
4%'0&,%+7 0A'3%B,(" 0+# ,+7G3V3,0< Q( %)),--, &,"", 0'"+%"'$( dx = 0 mmD 0,#1%(" 2,
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
#!4!#,(&, )$+# -% )$0'"'$( -%"!#%-, 2, -;,("#!, 2+ 4%'0&,%+ 2, ﬁ/#,0 $)"'*+,0= >$+# &,"",
0'"+%"'$(? "#$'0 )#$ﬁ-0 )$+# "#$'0 ",(0'$(0 2'ﬀ!#,(",0 0$(" #,)#!0,("!0 0+# A'B=C=D8= >#$&5,
a   b c   
 !"#$% C=D8 E >#$ﬁ-0 ,7)!#'3,("%+7 )$+# L = −3 cm? )$+# +(, #$"%"'$( )#$&5, 2,
-;%(B-, 2;$#? dx = 0 mm ," 2'ﬀ!#,(",0 1%-,+#0 2, V0 . %F V0 = 5.954 V ? /F V0 = 5.965 V
," &F V0 = 5.997 V = >$+# -,0 2'ﬀ!#,(",0 1%-,+#0 ",(0'$(0? -;'(",(0'"! Iin = 500 µW/cm
2
,0"
3%'(",(+, &$(0"%(", ,( )#!0,(&, 2;+( )#$ﬁ- +('4$#3, '3)$0! %1,& -, GHI=
2+ 0,+'- 2, (%'00%(&, 2, -% /'0"%/'-'"!? $( ),+" 1$'# 0+# A'B=C=D8%? *+, -,0 0"#+&"+#,0 0,
#!)%#"'00,(" 0+# 2,0 &,#&-,0 %1,& 2,0 ($3/#,0 2, 0"#+&"+#,0 2'ﬀ!#,("0 0+'1%(" -% 2'0"%(&,
%+ &,("#, JK )$+# -, )#,3',# &,#&-, &$("#, D8 )$+# -,0 2,+7 0+'1%("0F= L( %+B3,("%("
-% ",(0'$(? $( ),+" 4%'#, %))%#%M"#, 2, ($+1,--,0 0"#+&"+#,0 -$&%-'0!,0 )-+0 N -% )!#')5!#',
JA'B=C=D8/F= H,0 $#B%('0%"'$(0 $/",(+,0 0$(" 26(%3'*+,0= O'(0' $( ),+" $/0,#1,# ,( B!(!#%-
*+, -,0 0"#+&"+#,0 0+# -,0 &,#&-,0 -,0 )-+0 )#$&5,0 2+ &,("#, "$+#(,(" 2%(0 +( 0,(0 "%(2'0
*+, &,--,0 *+' 0, "#$+1,(" 0+# 2,0 2'0*+,0 )-+0 !-$'B(!0 "$+#(,(" 2%(0 -;%+"#,? %1,& )%#4$'0
,("#, -,0 2,+7 +( &,#&-, '33$/'-,= I%'0 &$33, ($+0 -;%1$(0 3,("'$((!? '- (;,0" )%0 4%&'-,
2, &$3)#,(2#, &, *+' 2!",#3'(, &,"", 26(%3'*+,= L( &$("'(+%(" 2;%+B3,(",# -% ",(0'$(?
$( ),+" %1$'# 2,0 )#$ﬁ-0 &$33, &,-+' 2, A'B=C=D8& %1,& +( ($3/#, )-+0 B#%(2 2, 0"#+&"+#,0
-$&%-'0!,0= P%(0 -% )%#"', $Q 2,0 #%6$(0 %))%#%'00,("? 4$#3%(" +( 3$"'4 ,( 0$-,'-? $+ 0+#
-,0 2,+7 )#,3',#0 &,#&-,0 ,( )%#"%(" 2+ &,("#,? $( $/0,#1, 2,0 0'"+%"'$(0 *+' #%)),--,(" -,0
0"#+&"+#,0 ,( ﬁ-%3,("0 $/0,#1!,0 %+ &5%)'"#, R=
L( &5%(B,%(" 2, D mm -% )$0'"'$( -%"!#%-, 2+ 4%'0&,%+ 2, ﬁ/#,0? ($+0 %1$(0 %S+0"! -,
&$+)-, 2, )%#%3T"#,0 (V0, Iin) )$+# 0, )-%&,# N ($+1,%+ 2%(0 +(, 0'"+%"'$( )#$&5, 2+ 0,+'-
2;%))%#'"'$( 2+ 3$"'4= U$+0 %1$(0 4%'" 1%#',# +( ),+ -% ",(0'$( ," #,B%#2! -;'(ﬂ+,(&, 0+#
-,0 3$"'40 $/",(+0= G+# A'B=C=DD% ," /? $( $/0,#1, 2,0 &,#&-,0 . +( &,("#%- ," 2,+7 )-+0
N -% )!#')5!#', %1,& D8 0"#+&"+#,0 0+# &5%&+( 2,0 2,+7= L( %+B3,("%(" -% ",(0'$(? 2,0
($+1,%+7 &,#&-,0 %))%#%'00,(" ,("#, -, &,#&-, &,("#%- ," -,0 )!#')5!#'*+,0 JA'B=C=DD& ," 2F=
L( %+B3,("%(" ,(&$#, -% ",(0'$(? $( ),+" 1$'# %))%#%M"#, )%# %-",#(%(&, 2,0 3$2,0 %1,& K
0)'#%-,0 %+ &,("#, JA'B=C=DD, ," 4F ," 2,0 3$2,0 &'#&+-%'#,0 JA'B=C=DDB ," 5F= P%(0 -% )%#"',
&,("#%-,? -,0 0"#+&"+#,0 0+# -,0 0)'#%-,0 $+ -,0 &,#&-,0 0$(" 2%(0 +(, $#B%('0%"'$( ,( ﬁ-%3,("=
>$+# +(, )$0'"'$( -%"!#%-, 2+ 4%'0&,%+ 2, ﬁ/#,0 $)"'*+,0 )-+0 "#%(0-%"!, Jdx = 3.2 mmF?
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 898
a                                 b c                                  d 
e                                  f                                   g                                  h 
 !"#$%  !"" # $%&ﬁ() *+,-%./*0123+ ,&3% L = −3 cm4 ,&3% 30* %&121.&0 ,%&56* 7* (8209(*
78&%4 dx = 2 mm *1 7.ﬀ-%*01*) ;2(*3%) 7* V0 < 2= *1 >= V0 = 4.919 V 4 5= *1 7= V0 = 4.936 V
*1 *=?6= V0 = 4.943 V ! $&3% (*) 7.ﬀ-%*01*) ;2(*3%) 1*0).&0)4 (8.01*0).1- Iin = 500 µW/cm
2
*)1 /2.01*03* 5&0)1201* *0 ,%-)*05* 7830 ,%&ﬁ( 30.@&%/* ./,&)- 2;*5 (* ABC!
,&3% 30* 1*0).&0 2))*D ,%&56* 73 )*3.(4 &0 &>)*%;* 7*) 5*%5(*) 7* )1%3513%*) (&52(.)-*)
EF.9! !"G2?5=! H0 239/*01201 30 ,*3 (2 1*0).&04 30* &%920.)21.&0 *0 )&(*.( 5&/,1201 "I
%2J&0)4 )* @&%/* K (2 ,-%.,6-%.* 5&//* .((3)1%- ,2% F.9! !"G7?@! $&3% 30* 1*0).&0 *05&%*
(-9L%*/*01 ,(3) -(*;-*4 &0 &>)*%;* 30 56209*/*01 M32(.121.@ 720) (8&%920.)21.&0! H((* )*/>(*
@&%/-* 7* ,-12(*) EF.9! !"G9?.=! N( *)1 .01-%*))201 7* 0&1*% ). &0 %*92%7* (2 F.9! !"G9 ,2%
*+*/,(* M38.( J 2 O ,-12(*) 720) (* /&1.@ *0 ﬂ*3% M3. ,2%1 73 5*01%*4 ,3.) IG M3. ;.*00*01
)8.01*%52(*% *01%* (*) O ,-12(*)4 ,3.) "I ,-12(*) )3% (*) 7*3+ %209-*) )3.;201*)!
 !"#$!#"%& '(#& )"*+,%& -$*& L = −7 cm.
Q0 )* ,(25* 720) 30* ).1321.&0 5&%%*),&07201 K dx = 04 2;*5 (2 /-16&7* 31.(.)201 (* ABC
*1 (* ,%&ﬁ( 2;*5 30 7.)M3*! B* 52) 7* )1%3513%*) (&52(.)-*) 30 ,*3 ,(3) ,(3) 9%207*) 2 -1-
-137.-4 *0 ,2%1201 7830* 1*0).&0 ,%&56* 7* (2 02.))205* 7* (2 >.)12>.(.1-4 58*)1?K?7.%* 2;*5
,*3 7* )1%3513%*) (&52(.)-*)! B*) )1%3513%*) .01*%29.))*01 >*235&3, *01%* *((*) *1 ,2% .0)12014
.( -/*%9* 30* &%920.)21.&0 ,(3) /2%M3-* 5&//* &0 ,*31 (* ;&.% )3% (*) ,%&ﬁ() 7* F.9! !"R!
$&3% 30* 231%* ;2(*3% 78.01*0).1-4 ,(3) @2.>(*4 &0 ,*31 ;&.% 7*) 1%20).1.&0) *01%* /&1.@) ,%L)
73 ,&.01 7* 02.))205* 7* (2 >.)12>.(.1- EF.9! !"S=! T20) 5* 52)4 (*) )1%3513%*) )8&%920.)*01
)3% 7*) 5*%5(*) 7&01 (* 7.2/L1%* 0* @2.1 M3* 7-5%&U1%* 23 5&3%) 73 1*/,)4 V3)M38K 5* M38.( 0*
%*)1* M3830* )*3(* )1%3513%* (&52(.)-* 23 5*01%*! N( *)1 .01-%*))201 7* ;&.% M382,%L) 5&((.).&0
*01%* (*) O )1%3513%*) (&52(.)-*) 7830 /W/* 5*%5(* 1&3%0201 720) (* )*0) 6&%2.%*4 .( %*)1* 30
5*%5(* 2;*5 S )1%3513%*) (&52(.)-*) 1&3%0201 720) (* )*0) 1%.9&0&/-1%.M3*! $&3% 30* 1*0).&0
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
a                                      b                                       c
d                                       e                                      f
g                                         h                                         i                                     
 !"#$% ;<:9 = >#$ﬁ-0 ,7)!#'3,("%+7 )$+# L = −3 cm@ )$+# +(, #$"%"'$( )#$&5, 2, -A%(B-,
2A$# dx = 3.6 mm ," 2'ﬀ!#,(",0 ",(0'$(0 . %DE&D V0 = 4.940 V @ 2DE4D V0 = 4.947 V ," BDE'D
V0 = 4.957 V <
a                                                  b                                                 c                                                 d 
 !"#$% ;<:F = >#$ﬁ-0 ,7)!#'3,("%+7 '00+0 2+ 3G3, ﬁ-3@ )$+# L = −7 cm@ )$+# +(,
#$"%"'$( )#$&5, 2, -A%(B-, 2A$#@ dx = 0 mm ," V0 = 4.962 V <
)-+0 !-,1!,@ $( $/0,#1, 0+# H'B<;<:;@ 2,0 3$2,0 0)'#%-!0 %1,& :8 0)'#%-,0 2%(0 +( 0,(0 ," I
2%(0 -A%+"#,< J( )%#"'&+-',#@ H'B<;<:;% 3$("#, K 0"#+&"+#,0 0+# -, )#,3',# &,#&-, &$("#, I
0+# H'B<;<:;/<
 !"#$ %&'()"'( *+, &-."(',")'&(, ,$'-"%/+,
J( #,1,(%(" L -% 0'"+%"'$( 2, #!4!#,(&, L ≈ −5 cm@ -,0 &5%3)0 -$'("%'(0 2, 3$"'40 $(" !"!
!"+2'!0@ )$+# +(, #$"%"'$( )#$&5, 2, -A%(B-, 2A$#< >$+# &,-%@ 2,0 )#$ﬁ-0 2+ )-%( 2, H$+#',#
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 899
a                                 b                                 c                                d                                  e                                 f
 !"#$% :;<= > ?!*+,(&, ",3)$#,--, 2@'3%A,0 ,7)!#'3,("%-,0 '00+,0 2+ 3B3, ﬁ-3D )$+#
L = −7 cmD V0 = 4.990 V D dx = 0 mm;
a                                                          b   
 !"#$% :;<: > E#$ﬁ-0 ,7)!#'3,("%+7 )$+# L = −7 cmD ,7"#%'"0 2, 2,+7 ﬁ-30 2'ﬀ!#,("0
3%'0 )$+# -% 3B3, ",(0'$( V0 = 5.035 V D )$+# dx = 0 mm; G,0 0)'#%-,0 0$(" "#%&!,0 ,(
#$+A, )$+# -, H,+ 2, 0)'#%-,0 "$+#(%(" 2%(0 -, 0,(0 5$#%'#, ," ,( /-,+ )$+# -, H,+ 2, 0)'#%-,0
"$+#(%(" 2%(0 -, 0,(0 "#'A$($3!"#'*+,;
2@+(, -,("'--, 2, &$+#", 4$&%-, $(" !"! %&*+'0 %1,& +(, &%3!#% IIJ; K$+0 %1$(0 H$+! 0+#
-@'(",(0'"! ,( ﬁ-"#%(" 2, 4%L$( M (, )%0 "#$) 0%"+#,# -% &%3!#%; N- ,0" '("!#,00%(" 2, 1$'#
&$33,(" !1$-+, -, &5%3) -$'("%(" -$#0*+, -, &5%3) )#$&5, ,0" 26(%3'*+, ," )%00, 2@+(,
0'"+%"'$( &'#&+-%'#, M 0)'#%-!,;
G$#0*+, 2%(0 -, &5%3) -$'("%'( -,0 0"#+&"+#,0 -$&%-'0!,0 0@$#A%('0,(" 0+# 2,0 &,#&-,0D $(
$/0,#1, 2%(0 -, 0),&"#,D 2,0 0)$"0 #!)%#"'0 M ),+ )#O0 !*+'"%/-,3,(" 0+# +( &,#&-,; ?+#
P'A;:;<Q& ," 2D $( &$(0"%", *+, 0+# -@%1%("R2,#(',# &,#&-, ,7"!#',+#D '- 6 % 8S 0"#+&"+#,0D ,"
*+, 2%(0 -, &5%3) -$'("%'(D -, ($3/#, 2, 0)$"0 ,0" -+' %+00' 2, 8S TP'A;:;<Q, ," AU; E%#
&$("#,D *+%(2 -, 3$"'4 0)'#%-, &$33, 0+# P'A;:;<Q2 D $( ),+" -, 1$'# 2%(0 -, &5%3) -$'("%'(
&%# M -% )-%&, 2@%1$'# 2,0 0)$"0 0+# +( &,#&-,D -, &5%3) -$'("%'( -+' %+00' 0)'#%-, +( ),+
%1,& +(, %--+#, ,( 4$#3, 2, #$+, 2,("!, TP'A;:;<Q5U;
J%(0 +(, 0'"+%"'$( %1,& )-+0 2, 0"#+&"+#,0 -$&%-'0!,0D "6)'*+,3,(" &,--, 2+ &5%3) )#$&5,
2, P'A;:;<S%D )-+0',+#0 )#$ﬁ-0 2, &5%3)0 -$'("%'(0D $/",(+0 )$+# 2'ﬀ!#,("0 ﬁ-"#%A,0D 0$("
)#!0,("!0 M -% P'A;:;<S/R2;
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
e                                        f                                       g                                          h
a                                        b                                       c                                           d
 !"#$% ;<=> ? @$+# +(, #$"%"'$( )#$&5, 2, -A%(B-, 2A$#C %DE2D &5%3)0 )#$&5,0 ," ,DE5D
&5%3)0 -$'("%'(0 &$##,0)$(2%("<
a b                            c d 
 !"#$% ;<=F ? @$+# +(, #$"%"'$( )#$&5, 2, -A%(B-, 2A$#C %D &5%3) )#$&5, ," /DE2D &5%3)0
-$'("%'(0 &$##,0)$(2%("C ,( G$+%(" 0+# -, ﬁ-"#%B,<
 !"! #$%&'( )*+,'( -' &.%)%/.* *.* 0.11'*($&2( 3 2π
 !"#$%! &'())#*+,-! !* ./0-! %! 12"+. 3 φ ≈ 99◦
I%(0 -,0 %#/#,0 $/",(+0 %1,& -,0 3$2J-,0 26(%3'*+,0C &,"", 1%-,+# 2, #$"%"'$( ,0" %00$&'!, K
-% 0+'", 2, L+&%0 M8C9C:C>C88C8F<<<D< @$+# +(, #$"%"'$( )#$&5, 2, NN
◦
C "#$'0 0!#',0 2, 3,0+#,0
$(" !"! 4%'",0 )$+# "#$'0 )$0'"'$(0 -%"!#%-,0 dx 2+ 4%'0&,%+ 2, ﬁ/#,0 $)"'*+,0< I%(0 &5%*+,
0!#',C 2'ﬀ!#,(",0 1%-,+#0 2, ",(0'$( $(" !"! &$(0'2!#!,0 ,( )%#"%(" 2, &%0 )#$&5,0 2+ 0,+'- 2,
(%'00%(&, 2, -% /'0"%/'-'"! ," ,( %+B3,("%(" V0 )#$B#,00'1,3,(" MP'B<;<=ND< L, &%0 dx = 0
&$##,0)$(2 K -% 0'"+%"'$( $Q %)#J0 -,0 #!"#$%&"'$(0 0+&&,00'1,0 -, 4%'0&,%+ 0,3/-, 0A'3%B,#
0+# -+' 3R3, &$33, '(2'*+! )#!&!2,33,(" %1,& -% 3!"5$2, +"'-'0%(" -, SLT< L,0 2,+7
%+"#,0 0'"+%"'$(0 ,( "#%(0-%"'$( &$##,0)$(2%(" K dx = 4 ," F mm< U$33, ($+0 -A%1$(0
2!GK 3,("'$((!C %)#J0 "#%(0-%"'$(C '- ,0" (!&,00%'#, 2A%G+0",# -% ",(0'$( ," -A'(",(0'"!C )$+#
#,"#$+1,# +(, 0'"+%"'$( !*+'1%-,(", K &,--, %1%(" "#%(0-%"'$(< V( %+B3,("%(" V0C $( &$(0"%",
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
a               b                c                             d
e               f                g                             h
i               j                k                             l
 !"#$% ;<=> ? @#$ﬁ-0 ,7)!#'3,("%+7 )$+# +(, #$"%"'$( 2B%(C-, )#$&5, 2, 99◦< D% )#,3'E#,
-'C(, &$##,0)$(2 F dx = 0G -% 0,&$(2, F dx = 4 mm ," -% "#$'0'E3, F dx = 8 mm )$+#
Iin = 280 µW/cm
2
< D,0 1%-,+#0 2,0 ",(0'$(0 0$(" . %H V0 = 4.981 V G /H V0 = 4.995 V G &H
V0 = 5.020 V G 2H V0 = 5.030 V G ,H V0 = 5.065 V G 4H V0 = 5.070 V G CH V0 = 5.080 V G 5H
V0 = 5.098 V G 'H V0 = 5.098 V G IH V0 = 5.112 V G JH ," -H V0 = 5.148 V <
*+, -,0 0"#+&"+#,0 '(",#%C'00,(" )-+0 ,("#, ,--,0 ," *+B,--,0 0,3/-,(" #,/$(2'# -,0 +(,0 0+#
-,0 %+"#,0G &$33, 2!&#'" )%# -% #!4!#,(&, K:LM<
N'C<;<9L )#!0,(", +( 3$2, 2B$#C%('0%"'$( 2,0 0"#+&"+#,0 -$&%-'0!,0 $/",(+ )$+# &,"", 1%-,+#
2, #$"%"'$(< O+# N'C<;<9L%G -,0 &,#&-,0 0+# -,0*+,-0 0, )$0'"'$((,(" -,0 0"#+&"+#,0 0$(" 3'0
,( !1'2,(&, "%(2'0 *+, 0+# N'C<;<9L/G )$+# -, 3P3, )#$ﬁ- ,7)!#'3,("%-G 2,+7 I,+7 2, 8>
0)'#%-,0 0$(" "#%&!0< D, ",#3, %"",(2+ )%# -% 0+'", Q8G9GRGSG88G8T<<<H 0,#%'" 8T< D% 2'ﬀ!#,(&,
&$(0"%"!, )#$1',(" 2B+( !&%#" 2B%(C-, )%# #%))$#" F -% 2'1,#C,(&, '2!%-, &$##,0)$(2%(" F
-% 0,&$(2, )56--$"%7',<
V(, 0!*+,(&, ",3)$#,--, 2B'3%C,0 ,0" )#!0,("!, F -% N'C<;<98< @$+# &,0 #!C-%C,0 ,( #$"%"'$(G
"#%(0-%"'$(G ",(0'$( ," '(",(0'"!G $( $/0,#1, +(, 2!#'1, )#$C#,00'1, 2+ 3$"'4 1,#0 -, &,("#,
$W '- 6 % &$--'0'$( 2,0 0"#+&"+#,0 -$&%-'0!,0 0, "#$+1%(" 0+# -, )#,3',# &,#&-,< X+ &$+#0 2,
-B!1$-+"'$( ",3)$#,--,G '- 6 % 2,0 0'"+%"'$(0 $W -, 3$"'4 ,0" ,( 4$#3, 2, 0$-,'-G -,0 0"#+&"+#,0
0, "#$+1%(" 0+# 2,0 &,#&-,0 1$'0'(0 !"%(" C-$/%-,3,(" %-'C(!,0< YB,0" -, &%0 )%# ,7,3)-,
0+# N'C<;<98&G 2 $+ '< Z%(0 2B%+"#,0 &%0G 2,0 0)'#%-,0 0, 2'0"'(C+,(" (,"",3,(" &$33, 0+#
N'C<;<98% $+ ,< [- ,0" %+00' '("!#,00%(" 2, 1$'# 1%#',# -, ($3/#, 2, 0"#+&"+#,0 0+# -, )#,3',#
&,#&-,G ,("#, RG S $+ 88 -$#0*+, -, )#,3',# &,#&-, % +( #%6$( )-+0 C#%(2G &,0 ($3/#,0 !"%("
/',( 2,0 ",#3,0 2, -% 0!#', 2, D+&%0 %00$&'!, F +(, 2'1,#C,(&, )#$&5, 2, >>
◦
<
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
a                                         b
 !"#$% :;9< = >$+# -, 3?3, )#$ﬁ- ,7)!#'3,("%- ," +(, #$"%"'$( )#$&5, 2, φ = 99◦A
$/0,#1%"'$( 2B+( 3$2, 1,#"'&'--! (i, j = i) = (19, 19) C -% )!#')5!#', %1,& ,( %D 3'0,
,( !1'2,(&, 2+ )$0'"'$((,3,(" 2,0 0"#+&"+#,0 -$&%-'0!,0 0+# 2,0 &,#&-,0 &$(&,("#'*+,0 ," /D
3'0, ,( !1'2,(&, 2,0 2,+7 E,+7 2, 0)'#%-,0 ),#3,""%(" 2, F!(!#,# -, 3$"'4; G, E,+ 2, 0)'#%-,0
#$+F, "$+#(, 2%(0 -, 0,(0 5$#%'#, ," -, E,+ 2, 0)'#%-,0 /-,+ 2%(0 -, 0,(0 "#'F$($3!"#'*+,;
G,0 )%#%3H"#,0 ,7)!#'3,("%+7 0$(" V0 = 5.080 V ," Iin = 280 µW/cm
2
;
a                           b                           c                          d                          e 
f                            g                          h                           i                           j 
 !"#$% :;98 = >$+# +(, #$"%"'$( )#$&5, 2, φ = 99◦A 0!*+,(&, ",3)$#,--, 2B'3%F,0 ,7)!#'I
3,("%-,0 3$("#%(" -% 26(%3'*+, 2, -B$#F%('0%"'$( 2,0 0"#+&"+#,0 -$&%-'0!,0; G,0 )%#%3H"#,0
,7)!#'3,("%+7 0$(" V0 = 5.048 V ," Iin = 490 µW/cm
2
;
 !"#$#%&' ()*++",-.#' / φ ≈ 78◦
J%(0 -,0 %#/#,0 $/",(+0 %1,& -,0 3$2H-,0 26(%3'*+,0A +(, 2'1,#F,(&, 2B%(F-, )#$&5, 2,
φ ≈ 78◦ ,0" %00$&'!, C -% 0+'", K8ALAMANA8LAO9;;;D; P( '("#$2+'0%(" 2%(0 -% #!"#$%&"'$( $)"'*+,
+(, #$"%"'$( )#$&5, 2, φ ≈ 78◦A '- ,0" )$00'/-, 2B$/",('# +( 3$"'4 %1,& +(, 0"#+&"+#, %+
&,("#,A )+'0 M 0+# -,0 2,+7 )#,3',#0 &,#&-,0 ," 8L 0"#+&"+#,0 0+# -, 0+'1%("; P(ﬁ(A )-+0 C -%
)!#')5!#',A -, 060"H3, 0B$#F%('0, ,( 2,+7 E,+7 2, 0)'#%-,0 %1,& i = j = 24; G,0 &,#&-,0 0+#
-,0*+,-0 0$(" )$0'"'$((!,0 -,0 0"#+&"+#,0 -$&%-'0!,0 0$(" 3'0 ,( !1'2,(&, 0+# Q'F;:;9O% "%(2'0
*+, )$+# -, 3?3, )#$ﬁ- ,7)!#'3,("%- -,0 E,+7 2, OL 0)'#%-,0 0$(" "#%&!0 0+# Q'F;:;9O/; R(
 !"#$%&"'$( $)"'*+, ($( -$&%-, . $/0,#1%"'$( 2, 3$"'40 0)'#%-!0 ," )56--$"%7', 89:
&$(0"%", +(, 4$'0 ,(&$#,; +( !&%#" 2<+(, +('"! )$+# i = j; -, ",#3, %"",(2+ )%# -% 0+'",
!"%(" =9> ?$33, )#!&!2,33,("; &,-% ),+" 0<,7)-'*+,# )%# +( !&%#" %(@+-%'#, )%# #%))$#"
%+ &%0 '2!%- *+' 2$((,#%'" =9 0)'#%-,0>
a                             b
 !"#$% A>9= B C$+# -, 3D3, )#$ﬁ- ,7)!#'3,("%- ," +(, #$"%"'$( )#$&5, 2, φ = 78◦;
$/0,#1%"'$( 2<+( 3$2, 1,#"'&'--! (i, j = i) = (24, 24) F -% )!#')5!#', %1,& ,( %G 3'0,
,( !1'2,(&, 2+ )$0'"'$((,3,(" 2,0 0"#+&"+#,0 -$&%-'0!,0 0+# 2,0 &,#&-,0 &$(&,("#'*+,0 ," /G
3'0, ,( !1'2,(&, 2,0 2,+7 H,+7 2, 0)'#%-,0 ),#3,""%(" 2, @!(!#,# -, 3$"'4> I, H,+ 2, 0)'#%-,0
#$+@, "$+#(, 2%(0 -, 0,(0 5$#%'#, ," -, H,+ 2, 0)'#%-,0 /-,+ 2%(0 -, 0,(0 "#'@$($3!"#'*+,>
I,0 )%#%3J"#,0 ,7)!#'3,("%+7 0$(" V0 = 5.087 V ," Iin = 260 µW/cm
2
>
 !"#$% &'()*$% +$ ,-.
◦
K%(0 -,0 %#/#,0 $/",(+0 %1,& -,0 3$2J-,0 26(%3'*+,0; +(, 2'1,#@,(&, 2<%(@-, )#$&5, 2,
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